International Journal of

UANTUM

HEMISTRY

Jian Liu

WWW.Q-CHEM.ORG REVIEW
Recent Advances in the Linearized Semiclassical Initial
Value Representation/Classical Wigner Model for the
Thermal Correlation Function
This article focuses on most recent advances in the linearized  structure methods have been reviewed. One is the local

semiclassical initial value representation (LSC-IVR)/classical
Wigner model that includes quantum effects with classical tra-
jectories and recovers exact thermal correlation functions (of
even nonlinear operators, that is, nonlinear functions of posi-
tion or momentum operators) in the classical, high tempera-
ture, and harmonic limits. Two methods for implementing the
LSC-IVR/classical Wigner which are in principle feasible to be
combined with general force fields or even ab initio electronic

Introduction

There is currently a great deal of theoretical effort focused on
developing ways for including quantum mechanical effects in
molecular dynamics (MD) simulations,"™ most of which are
based on the time correlation function approach as most
dynamical quantities of interest can be expressed in terms of
thermal correlation functions.*® For example, velocity correla-
tion functions can be used to calculate diffusion constants,
dipole moment correlation functions are related to infrared
absorption spectra, flux correlation functions yield reaction
rates, energy current correlation functions produce thermal
conductivities, and vibrational energy relaxation (VER) rate
constants can be expressed in terms of force correlation func-
tions. Thermal correlation functions are of the form

Cas(t) = (A(0)B(1)) = %Tr(A"e"F“/hée—"Hf/“), (1)
where A ;=e~P"A for the standard version of the correlation
function, or Agm=e’ﬁg/zﬁe’ﬁ’:’/2 for the symmetrized version,'!
or Aﬁub(,:% Ve (F=1HAe~H for the Kubo-transformed ver-
sion.'% These three versions are related to one another by the
following identities between their Fourier transforms,

hw
T—e o = i g (@) =135 () =M (o), @

where Iyp(w)=[_dte”'Cap(t) and so forth. Here, Z=Tr
[e’ﬁH](ﬁ=1/k3T) is the partition function, H the (time-inde-
pendent) Hamiltonian of the system with the total number of

degrees of freedom N, which we assume to be of standard
Cartesian form

Fl=%ﬁTM’1ﬁ+V(ﬁ), 3)

where M is the diagonal ‘mass matrix’ with elements {mj},
and p and x are the momentum and coordinate operators,

Wiley Online Library

Gaussian approximation with the imaginary time path integral
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respectively; and A and B are operators relevant to the specific
property of interest. Note that A and B are often nonlinear
operators (i.e.,, nonlinear functions of position or momentum
operators) for many physical properties. A few latest
reviews'™ on trajectory-based methods for describing quan-
tum dynamical effects are available for the semiclassical initial
value representations(SC-IVRs),!"'>* derivative forward-back-
ward  semiclassical dynamics (FBSD),?>?® centroid MD
(CMD),'¥”~2% ring polymer MD (RPMD),*°? and so forth.

An important property that a practical and versatile method
for studying most thermal correlation functions of complex
(large) molecular systems should have is to treat both linear
and nonlinear operators equally well and recover exact correla-
tion functions in the classical (h — 0), high temperature
(f — 0), and harmonic limits.*>*"! The linearized semiclassical
initial value representation (LSC-IVR) of Miller et al.l#2=471 (or
the classical Wigner model for the correlation function) is a
trajectory-based method that gives exact results in the three
limits even for nonlinear operators. Because the linearization
approximation originally proposed in the SC-IVR“****7] can be
used in the path integral representation of the correlation

function to rederive the LSC-IVR/classical Wigner,*>*® it is
sometimes termed the linearized path integral (LPI)
method.”8~>"
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We note that the Feynman-—Kleinert approximation®=>% (FKA),
the thermal Gaussian approximations (TGA) in the position state
(also termed variational Gaussian wavepacket),*>=”! and the TGA
in the coherent state representation™® for treating the Boltzmann
operator e M in the quantum correlation function Eq. (1) have
been combined with the LSC-IVR/classical Wigner to study model
systems and simple liquids.?738484959-641 6 axample, Ref. [49]
presents a review on using the FKA with the LSC-IVR/LPI/classical
Wigner model. However, these methods request Gaussian averages
of potential surfaces and forces, which become computational
demanding for complex molecular systems where angle and dihe-
dral interactions or/and induced dipole-dipole interactions are
important and accurate polynomial, exponential, or Gaussian fit-
ting of potential surfaces is often intractable.

Imaginary time path integral (via either Monte Carlo or MD)
can in principle produce exact thermodynamic properties and
accurate distributions of configurations. The LSC-IVR/classical
Wigner combined with imaginary time path integral®*%>! offers
a more promising tool for studying general real systems,
because such an approach does not require any specific form of
the potential energy surface and are then in principle feasible
to be combined with general force fields or ab initio calcula-
tions on the fly. Another practical way that has this property is
to combine the LSC-IVR/classical Wigner with the quantum ther-
mal bath (QTB) method™®® as suggested in Refs. [67,68]. So the
article focuses more on most recent advances under these
directions. We review the underlying theory and the algorithms
for implementation, while we cover most recent applications
and limitations of the LSC-IVR/classical Wigner.

Theory

Below, we review derivations for the LSC-IVR/classical Wigner
model for the correlation function.

Derivation of the LSC-IVR/classical Wigner model in the
semiclassical framework

The Lagrangian of the system defined by Eq. (3) in classical
mechanics is

1

L(x, %, t)==x"Mx—V(x) 4)

N |

and the momentum vector is

aL

P=ox (5)

The Euler-Lagrange equation states
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doL(x,x,t) IL(x,x,1)

d ox ox ° ©
and the action along a classical trajectory is

t
Sel :J L(x,x, )dz. (7)

0

The quantity S is then
([oL .. oL

5Sc|=J {5 ox+ &M} dt. (8)

0

Integration by parts for the first term of the right-hand side
(RHS) of Eq. (8) leads to

t

d oL aL .

8Sq= %5)( |B+J {— <&&) OX+ &bx} dTt=p;0X:—PeoXo. (9)
0

Then one obtains

95a_

%0 Po- (10)

A stationary phase approximation to the real time path inte-
gral representation of (x;|e”™"*/"|x,) gives''%%?

t # 0°Sa 1/Zel‘scl/h
27h Gxoaxr ’

—iHt/h

(xele™™ M xo) ~

all classical trajectories |: (
(amn

where the sum is over all the classical trajectories that start
from xo and end at x;. The semiclassical approximation for the
evolution operator is

o HtN dedet Z {det(i 9S4 )}l/ze"s"/h\xr><x0|-
all classical trajectories 2rh 6X08Xt

(12)

Note the equality

[ Ox
der:Jdpo|a—r (13)
all classical trajectories Po

holds. Applying Egs. (10) and (13) to Eq. (12), one obtains the
Van-Vleck semiclassical initial value representation (SC-IVR) for
the evolution operatort’*'%'3
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Then the evolution operator backward in time is

function Eq. (1) becomes

1 1
CAB(Z')

WWW.Q-CHEM.ORG REVIEW
- 1 0% \1"? . O%; OX ¢ 0%\ 2
—IHUN ~ | dxod det ————* iSa/h . 14 A A~ <T> . 24
e [ oo et 20 | Mol 14 P00, ~ \opo 24
Equation (9) leads to
/ Sa(%0,Po) =S (Xo,P's) ~ PAX—PoAXo.  (25)
’ 1/2
. 1 8x i ! !
N | dx odp o | det )| esam GE
€ J Xo Po{ € —2inh apy € o) (xel- (15) Substituting Eqgs. (17), (21), (24), and (25) into Eq. (16), one
obtains
The semiclassical approximation for the thermal correlation 1 1
Cag(t) = =— | dXodp JdA)‘( dAx
48(t) Z(Znh)NJ 0dPo 0 t
o o 2 51| expli(x/p. Ax1po) @
NS TN 0 0
Z et SO om0/ X (6= S B+ 2 22 4ty 2.
2 2

(a5 a) /M B Ix:) (Xo|A[X o).

Change to sum and difference variables,

+x ,

iQ:xo XO7A)?0:X0_X0
, (17)

_ potp _ ,

Po=""> > APo=Po—P o

and expand all quantities in the integrand of Eq. (16) to first
order in Axo and Ap,. Here, one makes the (rather drastic)
approximation of assuming that the dominant contribution to
the double phase space average comes from phase points
(X0,Po) and (Xo,p) that are close to one another.****! The
position at time t starting from (Xo, py) is

o xe+X
X¢(Xo,Po)=— 3 - (18)
The difference at time t is
_ , X: . OX¢ ,
Axtzxt—xrza—i;Axo-i-a—'s;Apo. (19)
and then
IAX, = @ (20)
dApy 9Py’
So one has
dA%o {| e |dApo} —dAXodAX:. 21)
o
Further, it is trivial to show
L S T -
Opy  Ipo Oped%Xe 4  Op; 4
and
OXe Ok % AXo X AR, -
Py Opy OpeOXe 4  Opi 4 '

then one obtains

Wiley Online Library

Change the variables (Xo,po) to (Xo,Po)-
becomes

Eq. (26) then

170
CAB(t) ~ EJ dxodPoAgv(xm pO)BW(xh pt)7 (27)

which is the LSC-IVR formulation originally obtained by Miller
et al. “2*347) Here, Al (x, p) is

1
Ay x.p)= a3 " Do, ae)

(27h)

and By/(x,p) is

B (x.p)= [yl Blx+ er ™. 9)

For convenience, one can define the function fXV,f (x,p) as

~p vl
dy(x—¥|A" |x+ ¥)ey'P/h
Ag\,(x,p)_ J y( 2| | 2>
eq

- . (30)
POP) [dy(x—Yle- M perren

fA/f (X p)

Then the thermal correlation function Eq. (27) becomes

1
Calt) = | o  dpop (ko Po) 2 (X0 Bo B (ke ). 31)

Eq. (27) or Eq. (31) is also termed the “classical Wigner”
model for the correlation function, which has been obtained
by a variety of formulations.*5*85>7% The approximation
postulated in Ref. [71]

Cas(t) deodpopw<xo,po>A (Xo)Ba(x)  (32)

[for only position dependent operators A and B] is not the
same as the LSC-IVR/classical Wigner because f;(xo,Po) is
often not equivalent to A (Xo). Equation (32) does not recover
the correct result when A is a nonlinear operator, even in the
harmonic limit. Although the classical Wigner model is an old
idea,”>7*! it is not entirely trivial to derive Eq. (27) or Eq. (31)
for the quantum correlation function.
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As extensively discussed in Refs. [1,2,44], it is informative to
realize that the classical Wigner model is contained within the
general SC-IVR formulation, namely, as a specific approximation
to it; “**! more accurate implementations of the SC-IVR
approach®?*7% would be expected to lead to a more accurate
description. The LSC-IVR/classical Wigner is a short-time approxi-
mation to quantum dynamics for general systems because the
approximation that the dominant contribution comes from for-
ward and backward trajectories that are close to one another
becomes more faithful as t — 0%

It should also be noted that there are other approximate
routes which lead to the classical Wigner model for correlation
functions (other than simply postulating it). Shi and Geva
rederived the LSC-IVR by linearizing forward and backward
paths in a Feynman path integral representation of the for-
ward and backward propagators,®*! as did Poulsen et al. some-
what later™ using the FKA for the LSC-IVR/Classical Wigner
model (they called it the FK-LPI*849°9¢1) As the linearization
approximation is also invoked, we do not repeat the derivation
but direct readers to Section Il of Ref. [45] or Section II-A of
Ref. [48].

Derivation of the LSC-IVR/classical Wigner model in the
phase space formulation of quantum mechanics

Interestingly, although the classical Wigner model for computing
dynamical properties (e.g.,(B(t))) was proposed many years
ago,”?7* to our best knowledge, it was first in Ref. [70] that the
LSC-IVR/classical Wigner model for calculating general time corre-
lation functions (A(0)B(t)) [for any form of A" and for any opera-
tor A (or B) in Eq. (1)] was derived in the phase space formulation
of quantum mechanics.””! Previously, derivations of the LSC-IVR/
classical Wigner used approximations for the forward (backward)
evolution operator e /N (Mt/h) The key step of Ref. [70] is to
define a “general density operator’ A’ (t)=e Ht/NA"& /M then
the correlation function Eq. (1) becomes

Cualt)= 5 Tr(A"(08). (33)

When A=1 the “general density operator” is the Boltzmann
density operator A” (t)=p%(t)=e~Ht/he=H gHt/h,

The general expression of Eq. (33) in the phase space formu-
lation of quantum mechanics”® is

CAB(t) = !

fZdeJ. dpAf(x, p; t)B(x, p). (34)

Here, the “general” phase space distribution AP(x,p;t) and
the function B(x,p) can be expressed in the unified classifica-
tion scheme of Cohen” given by the following equations”®!

AP (x, p; t)= ﬁ J dCJ danTr [Aﬁ (t)eSxme ey Tl)} o~ ix=in"p
Y
(35)

and
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B(x,p)= (%) Nj dCJ dnTr [f( —g, —m) 'L xe g} o ix—i"p_
(36)

(See Appendix A for proof) When the function f({,n)=1,
the Wigner phase space representation is obtained,”® that is,
Eq. (34) becomes

Cat)= | x| dpal (x.p: 8w x. p) 7

-1
z.

with the Wigner functions defined as

B )= AV +Yyeiyp/n
Al (x,p3 1) (zm)dewx Y Heren, e8)
and
B (x.p)= | dy(x— % Bl Jye®. 59)

(Also see Appendix A for proof.)
Note that the quantum Liouville equation still holds for evo-
lution of the “general density operator”,

b
OA" (1) 178, -
=—_[A t,H]. 40
o~ wA O (40)
Eq. (40) in the Wigner phase space representation
becomes’%78
OAwx,pit) _ (OAW\Ty o (OARNT o B A
ot B ox M et op V) 24 Jp? VR

(41)

which is a generalization of the Wigner-Moyal equation.”%%%

[See Appendix B for proofl] It is trivial to verify that the third
term and higher order terms of the RHS of Eqg. (41) become
zero in the classical (h — 0), high temperature (f — 0), and
harmonic limits. That is

OAw(x,pst) _ (0Aw\T 4 (0Aw\T
—a o ) WPt op Vi(x), (42

which shares exactly the same form as the classical Liouville
equation. So Eq. (42) leads to evaluating Eq. (37) along classical
trajectories, which gives the LSC-IVR or classical Wigner model
for the correlation function [Eq. (27) or Eq. (31)]. Eq. (41) sug-
gests that the LSC-IVR produces exact thermal correlation func-
tions in the classical, high temperature, and harmonic limits,
irrespective of whether A (or B) is a linear or nonlinear opera-
tor.373870978] Nevertheless, Eq. (42) is a short time approximation
to the exact dynamics Eq. (41) for general systems, because the
term —%0;":3““ V@) (x) and higher order ones in Eq. (41) can
make important contributions to long time dynamics.

It is straightforward to verify that the mapping Hamiltonian
in the Wigner phase space [i.e, Eq. (39) when B=H] is simply
the classical Hamiltonian Hy. So the LSC-IVR is a kind of
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trajectory-based dynamics in the phase space formulation of

quantum  mechanics, which conserves the mapping
Hamiltonian, that is,
de(X, p)
———=0. 43
ar (43)

Eq. (43) is a counterpart to the quantum commutation
{ﬂ,e*"“/h] 0. (44)

Given A=1 and B=H in the thermal correlation function Eq.
(1), it becomes the average total energy at time t

(E(t)) = (H(t))= %Tr(e*ﬁ’qe’”f/hﬂe*i“f/h). 45)

The average total energy can be decomposed into a sum of
energy partitioned on each eigenstate.

(E@)=)_ (E(D)n, (46)

n

with
1 R
(E(t)),=Tr (E e PEn|n) (n|e’Hf/hHe_’Ht/h) . (47)

In quantum mechanics, both the total energy [Eq. (45)] and
the energy partitioned on each eigenstate [Eq. (47)] are invari-
ant with time. While the LSC-IVR/classical Wigner expression of
Eq. (45) is

'I a0
(E(0) ~ 5 | dxadpo e 7] (xo. o Hu(xp). (48)
that of Eq. (47) is
1 _
(E())n %EJdXodPo [e P& [n)(nl],, (%o, Po)Hw (X, P,).  (49)

Conservation of the mapping energy [Eq. (43)] suggests that
both (E(t)) and (E(t)), are time-invariant in the framework.
That is, the LSC-IVR/classical Wigner conserves not only the
total energy but also its ‘microscopic’ term partitioned on the
eigenstate. As comparison, such as CMD/RPMD are also able
to preserve (E(t)) but can not satisfy detailed conservation of
(E(t)), during dynamics. The latter, however, is important
when energy transfer or transport is considered in dynamical
processes.

Implementation

Calculation of By(x,p) for operator B in Eq. (39) is usually
straightforward; in fact, B is often a function only of coordinates
or only of momenta, in which case its Wigner function is simply
. . . . B ~B
the classical function itself. Calculating A, (x, p) for operator A
in Eq. (38), however, involves the Boltzmann operator with the
total Hamiltonian of the complete system, so that carrying out
the multidimensional Fourier transform to obtain it is nontrivial.

Wiley Online Library

Furthermore, it is necessary to do this to obtain the distribution
of initial conditions of momenta p, for the real time trajectories.
To accomplish this task, several practical approxima-
tions 2862651 have been introduced for the LSC-IVR/classical
Wigner model. More recently, a local Gaussian approximation
(LGA) has been proposed to improve on all these approxima-
tions for treating imaginary frequencies.** The LGA is often
combined with path integral methods, though it can also be
used with other approaches for sampling the Boltzmann matrix
element. When imaginary frequencies are not important, a
much rougher approximation®® for Afv(x, p) can sometimes be
introduced with the QTB method.®®’

Local Gaussian approximation

We first briefly summarize the version of LGA™* developed
based on the local harmonic approximation (LHA) of Shi and
Geva.® The LGA has been implemented for a few LSC-IVR
applications™*#"#2 for molecular systems where imaginary fre-
quencies are not negligible.

As in the standard normal-mode analysis, mass-weighted
Hessian matrix elements are given by

1 o*V

Hy=—
W v/ Mimy 8Xk6X/

(50)

where my represents the mass of the kth degree of freedom
with 3N, the total number of degrees of freedom. The
Hamiltonian around x can be expanded to second-order as

1 W\T
H(x+Ax) ~ ipTM’1p+V(x)+ (%) Ax+ EAXTHAX. (51)

The eigenvalues of the mass-weighted Hessian matrix pro-
duce normal-mode frequencies {wy}, that is,

T HT=)\ (52)

with A a diagonal matrix with the elements { (o)} and T an
orthogonal matrix. If M is the diagonal ‘mass matrix’ with ele-
ments {mx}, then the mass-weighted normal mode coordi-
nates and momenta (X, P) are given in terms of the Cartesian
variables (x, p) by

X=T'M"/?x, (53)
P=T'M "/?p, (54)

and
AX=T"M'/2Ax. (55)

Eq. (51) can be expressed as
1 1
H(x+Ax) = H(X+AX) ~ > P P+V(X)+AX"F+ EAmex (56)

with F as the force in the mass-weighted normal mode
coordinates
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F=T'M'/2 (av). (57)
ox

By virtue of the fact that

) =exp {—

for the 1-dim harmonic case which was implemented in LHA
by Shi and Geva,’® it is straightforward to show that the den-
sity distribution in the Wigner phase space (i.e, the Wigner
function of the Boltzmann operator e M) is given by

3N 1/2 2
o ff(de) "o [ 1152
(59)

(x— X |e~ M |x+

(xle~P"|x)

mQ(u) 2
2h?p (Ax) } 58)

where uy=phwy, Px is the kth component of the mass-
weighted normal-mode momentum P [in Eq. (54)] and the
quantum correction factor with the LGA ansatz proposed by
Liu and Miller™ for both real and imaginary frequencies is

given by
u/2
f@nh ( /2) —————forrealu
u)= . (60)
_ ! tanh(u'/z)forima inary u(u=iu;)
Q(Ui) 1/2 g y i

In terms of the phase space variables (x,p),
becomes

Eqg. (59) thus

eq,LGA _ —pH B w2 1/2
pW ( ’ P) (x\e |X> o |det ( therm (X)) |
(61)

p _
exp {— 5P MyenP
with the thermal mass matrix Mherm given by

M*]

therm

(x)=M""2TQ(u) 'T'TM /2 (62)
and the diagonal matrix Q(u)={Q(ux)}.

The explicit form of the LSC-IVR correlation function [Eq.
(27) or Eq. (31)] with the LGA is thus given by

- 1 - :
C,k?f IVR(t): EJg-jxo<x0|e pH [Xo) [dPo

k) el

k=1
X3 (Xo, Po)Bw (Xt, Pr)

One may summarize the specific procedure for carrying out
the LSC-IVR calculation with the LGA as follows:™*

1. Use path integral Monte Carlo (PIMCO)®® or path inte-

gral MD (PIMD)®* % +to simulate the system at
equilibrium.

662 International Journal of Quantum Chemistry 2015, 115, 657-670
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2. At specific intervals in the PIMC (or time steps in the PIMD),
randomly select one path integral bead as the initial config-
uration X, for the real time dynamics. Diagonalize the
mass-weighted Hessian matrix of the potential surface to
obtain the local normal mode frequencies.

3. The LGA gives the Gaussian dlstrlbutlon for mass-
weighted normal mode momenta Hk , (8/27Q(uy))"/?
exp {—ﬁ(Poﬁk) /(2Q(Uk))l,|Wh|Ch is used to sample initial
Cartesian momenta p,= 1/2TP,, for real time trajectories.

4. Run real time classical trajectories from phase space
points (xo,P,) and estimate the property f}}(Xo, po)Bw

(x¢(X0, Po), Pt (X0, Po)) for the corresponding time correla-

tion function. f;{(xo,p,) is obtained from Eq. (30) with
Egs. (58) and (60).

5. Repeat steps (2)-(4) and sum up the property f, (o, Po)
Bw (Xt(Xo, Po); P:(Xo, Po)) for all real time classical trajecto-
ries until a converged result is obtained.

It is worth emphasizing that no approximation for the
potential energy surface (PES) is made in Step 1) (the evalua-
tion of (x\e”}’:’|x)) and Step 4) (the real time dynamics of
trajectories).

During implementation of the algorithm described above,
one can accelerate the application using the following two
techniques:

a. The number of path integral beads can be decreased by
a factor of 4 or more using a non-Markovian generalized
Langevin equation with the colored noise proposed by
Ceriotti et al.[88%%

b. Dominant elements of the mass-weighted Hessian matrix
of the potential surface are often block-diagonal ones.
The size of each block is often the degrees of freedom of
a molecule. For example, consider Ny, molecules and
the number of degrees of freedom of each molecule is
N¢ (the total number of degrees of freedom is then
N=N¢ * Nmol), the number of the mass-weighted Hessian
matrix elements is decreased from N? to NmqN?, and
work required for diagonalization is significantly reduced
from O(N®) to O(NmoiN?). So numerical efforts for the
LSC-IVR with the LGA can often have a linear scaling with
the number of molecules of the system. (Further simplifi-
cation can be introduced though.)

If one makes a further approximation on the LGA that the
momentum distribution is independent of the position, that is,
one replaces the local momentum distribution in Eq. (61) by a
global one,®" then Eq. (61) becomes

1 x|e P |x
EPW(X’P)“7< | 7 )

Pp(P); (64)
where the averaged momentum distribution pﬁ’(p) can be
obtained from PIMC or PIMD.”°°? Eq. (64) has the compu-
tational advantage that it is not always necessary to calcu-
late the Hessian matrix of the potential energy surface.
While Eq. (64) is exact for harmonic systems, it is less

WWW.CHEMISTRYVIEWS.ORG = ChemistryViews™
.' - ..


http://q-chem.org/
http://chemistryviews.com/
http://chemistryviews.com/
http://chemistryviews.com/

Internatianal Journal of

UANTUM

H E MI STRY WWW.Q-CHEM.ORG REVIEW
.. oV (x .
14K miXja=— ( )+Ria—miVXia (65)
| N S SN S FNL N S e S —— Bx,-a
20 avg . . . .
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Figure 1. Kubo-transformed momentum autocorrelation functions (divided where
by 2mkgNmo) based on the LSC-IVR/classical Wigner model for liquid hw Q(u)
para-hydrogen at the state point T=14K and v=25.6cm3/mol. 0(w, T)= W = T» (68)

Simulations are performed with 108 molecules in a box with the periodic
boundary condition. Comparisons between the correlation functions com-
puted from the average momentum distribution (Avg) Eq. (64) [and its
MEAC-corrected version] and those obtained from the LGA Eq. (61) [and
its MEAC-corrected version]. The information entropy in the MEAC proce-
dure for the Avg result is 71.6A2/p52 while that for the LGA result is
only —0.7A% /ps2.

effective than the LGA for the LSC-IVR/classical Wigner for
general molecular systems. Figure 1 compares the LSC-IVR
Kubo-transformed momentum auto-correlation function for
liquid para-hydrogen at 14 K computed from the LGA [Eq.
(61)] to that obtained from the average momentum distribu-
tion [Eq. (64)]. We also use the maximum entropy analytic
continuation (MEAC) to correct these LSC-IVR results (as pro-
posed in Ref. [93]) and include them in Figure 1. The corre-
lation function obtained from the average momentum
distribution [Eq. (64)] agrees very well with that from the
LGA [Eq. (61)] until 0.2 ps and then shows a shallower mini-
mum. The MEAC-corrected correlation functions are nearly
the same and are closer to the LGA result. While the infor-
mation entropy in the MEAC procedure for the correlation
function based on Eq. (64) is —1.6A2/p52, that for the LGA
result is only —0.7A2/p52. (Note that the closer to zero the
information entropy, the more accurate is the method. One
can compare these results to those of Table | of Ref. [44]).
All these suggest that the LGA [Eq. (61)] is a better approxi-
mation while the global approximation with an average
momentum distribution can sometimes be useful.

Quantum thermal bath

The QTB method of Dammak et al.®® presents a practical
approach to approximately account for quantum statistics
without requesting such as Gaussian averages of potential
surfaces and forces. It uses the Langevin-like equation
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0j and g are the Kronecker symbol. The random force Rig
(t) is generated from the prescribed correlation function in Eq.
(66)'°® using the numerical technique proposed by Maradudin
et al. ¥ One essentially uses MD coupled to the colored noise
to solve Eq. (65) to obtain the Boltzmann distribution. So the
QTB method often requests less work than path integral meth-
ods and is straightforward to implement for large systems.
One can verify that the correct Boltzmann distribution for a
harmonic oscillator can readily be enforced in the QTB
method. More importantly, the QTB method has been demon-
strated as a useful approximate tool to capture quantum sta-
tistical effects for a few anharmonic systems.[6®®

Both the position distribution p,(x) and the momentum dis-
tribution p,(p) for thermal equilibrium systems can approxi-
mately be obtained by the QTB method. Basire et al. suggested
that the Wigner function for the Boltzmann operator e M, that
is, pw(x,p) in Eq. (31), could be approximated as

1
5 Pw(x,P) ~ p (%) (p) (69)

in the LSC-IVR/classical Wigner model of the thermal correla-
tion function.’®® That is, use the position and momentum gen-
erated by the QTB method as the initial condition of the real-
time classical trajectory in the LSC-IVR/classical Wigner. The
work of Calvo et al. on using the QTB method for vibrational
spectra®’ can be related to the LSC-IVR/classical Wigner in a
similar way. Equation (69) can be viewed as a further approxi-
mation to Eq. (64) using the QTB method rather than the path
integral approach. Equation (69) with the QTB method offers a
computationally efficient way to implement the LSC-IVR/classi-
cal Wigner—while the thermal statistics part uses MD with the
colored noise, the real time dynamics part employs MD for the
NVE ensemble.

Though not explicitly mentioned in the original literature,
there are still two more points that we should emphasize:

[66-68]
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1. When using the QTB method in the LSC-IVR/classical
Wigner, one ought to use Eq. (31) to compute the thermal
correlation function. Equation (32) is not correct for ther-
mal correlation functions involving nonlinear operators.

2. Note that the frequency w is real by definition in Eq. (66)
and Eq. (67) for the QTB method. The QTB method is
then expected to do little when imaginary frequencies
are important for such as reaction rate problems studied
in Ref. [44].

Applications

Below we briefly review illustrative applications of the LSC-IVR/
classical Wigner with the two kinds of methods covered in
Section ‘Implementation’ to a range of dynamical properties of
molecular systems.

Vibrational energy relaxation in molecular liquids

The VER rate constant can be obtained by the Landau-Teller
formula in terms of the Fourier transform, at the vibrational
frequency, of a certain short-lived force-force correlation func-
tion. Geva and coworkers have applied the LSC-IVR to com-
pute force-force correlation functions and then VER rates in
various molecular liquids.®*"°*=%?! The LHA of Shi and Geval®”
is adequate for their applications of the LSC-IVR because imag-
inary frequencies are not important in the systems. The LSC-
IVR results have been shown to be of the same order of mag-
nitude as the experimental results. This demonstrates a dra-
matic improvement in comparison to the classical simulations
of which the results are smaller than the experiment data by
many orders of magnitude. For example, the LSC-IVR VER rate
is 783+62s™ ' for neat liquid O, at 77 K, close to the experi-
mental result 395+18s~', while the classical simulation pro-
duces (285+31)x107*s~".°79% The LSC-IVR method is able to
reproduce the experimental dependence of the VER rate on
temperature and that on the mole fraction.®”! Ka and Geva
have further extended the LSC-IVR applications on VER rates in
real systems from diatomic molecules to polyatomic ones.'*®
Shi and Geva have also demonstrated that it is important to
use a method that gives correct results for autocorrelation
functions involving nonlinear operators even in the harmonic
limit to study the VER rate because the force operator is non-
linear,®® for which the LSC-IVR/classical Wigner offers a theo-
retical tool while CMD does not work well.®*

Geva and coworkers have also shown the quantum correc-
tor factor (QCF) approach—multiplying the classical result by a
frequency-dependent quantum correction factor, such as the
Egelstaff or mixed harmonic-Schofield QCF©*M100-1031 3
often yield predictions of similar quality to the LSC-IVR results,
but the LSC-IVR offers a more rigorous framework for studying
the VER®”! for general molecular systems.

Chemical reaction rates

Imaginary frequencies obviously play an important role in the
dynamics of chemical reactions—especially tunneling effects
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Figure 2.a) An Arrhenius plot of the thermal rate constant for the 1-d
Eckart barrier. Solid line: Exact quantum results. Dotted line with solid
circles: LSC-IVR results using the LGA. Dashed line: Classical results. Hollow
squares: LSC-IVR results using the LHA. b) Tunneling correction factors for
the 1-d Eckart barrier. Solid line: Exact quantum results. Solid circles: LSC-
IVR results with the LGA. Hollow squares: LSC-IVR results with the LHA.
Solid triangles: LSC-IVR results with the exact Wigner function.
(Reproduced with permission from Ref. [44].)

for light atoms and low temperature—because the transition
state region, the essential character of which is an imaginary
frequency, is so central to the process. The LSC-IVR describes
the tunneling correction for a standard 1-d Eckart model of an
H atom transfer reaction quite well for temperatures down to
200K if the Wigner function is evaluated exactly, but it fails for
temperatures below ~700K if the Wigner function is evaluated
by various LHAs (including the LHA of Shi and Geval®*)—
because the problem is dominated by local imaginary frequen-
cies associated with the potential barrier. It presents a more
challenging problem than the VER because the QCF approach
simply fails in the imaginary frequency region.
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Figure 3. a) A snapshot of the collective dipole moment of liquid water
(216 water molecules in a box with the periodic boundary condition). b)
The normalized local normal frequency distribution of liquid water at
T=300 K using the TTM3-F model. (Note hf ~ 208.5cm~') This is
obtained from thousands of typical configurations generated from PIMD.
(Fig. 3b is reproduced with permission from Ref. [81].)

The LGA™ described in Section ‘Local Gaussian approxima-
tion’ is able to deal with imaginary frequencies reasonably
well. Figure 2 shows that the LGA gives much better results
for the tunneling correction than the LHA as soon as the tem-
perature is below the critical temperature T, ~ 733K (where
the LHA results deviate from exact results by several orders of
magnitude). The LGA is thus a significant improvement, giving
useful results even when the tunneling correction factor is as
large as 10° [e.g., at T= 150K, the exact tunneling factor is
~10% the classical result is off by 6 orders of magnitude, and
the LSC-IVR (LGA) is correct to within a factor of 2.] The LSC-
IVR (LGA) results for an analogous asymmetric Eckart barrier
also demonstrate that it gives good agreement with the exact
quantum results even in the deep tunneling regime.

Transport properties of liquid hydrogen and normal
liquid helium

Liquid para-hydrogen and liquid helium are benchmark sys-
tems that have been investigated by a few approximate quan-
tum dynamical methods. As the transport property is the zero-
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frequency value of the spectrum, such as the QCF
approacht®'%1 (ie. multiplying the classical result by a
frequency-dependent quantum correction factor) does not
work. It has been shown imaginary local frequencies are not
negligible in these low-temperature liquids.”** The information
entropy test produced in the MEAC procedure suggests that
the LSC-IVR (LGA) leads to accurate velocity correlation func-
tions for liquid para-hydrogen at 25 K and 14 K.** More inter-
estingly, it has been shown the LSC-IVR works reasonably well
for correlation functions even with nonlinear operators for
these systems. The direct calculation of intermediate scattering
functions for the dynamic structure factor using the LSC-IVR
demonstrates a good agreement with the inelastic neutron
scattering experiment for liquid para-hydrogen at 14 K.°* The
energy current correlation function for the thermal conductiv-
ity is another example.' While the classical simulations can
deviate by as much as a factor of 2, less than 20% discrepancy
exists between the LSC-IVR results and the experimental data
for liquid para-hydrogen from 14 K to 32 K. Even in the normal
liquid He* or He® systems where classical MD totally misses
the correct physical picture, LSC-IVR is still qualitatively correct
and only overestimates the thermal conductivity by a factor of
~2 (as shown in Ref. [104]).

IR spectrum of liquid water with the ab initio-based
force field

Paesani et al. have first pointed out that it is not reasonable to
use traditional force fields for liquid water for quantum simula-
tions due to the double-counting problem."'®! Although one
can tune the parameters of these force fields for quantum simu-
lations to reproduce some experimental data, a more consistent
approach is to study water dynamics with ab initio calculations
on the fly or with an ab initio-based flexible, polarizable force
field 1196199 The TTM3-F is such an ab initio-based model”'®
that has been used with the PIMD and several trajectory-based
quantum  dynamical methods for  studying liquid
water 11071991111 The |R spectrum can be obtained from the
collective dipole or dipole-derivative autocorrelation function, of
which the dipole or dipole-derivative operator is a nonlinear
one in the flexible, polarizable water model (Fig. 3a). As the
time scale of the collective dipole-derivative autocorrelation
function is relatively short, the LSC-IVR (LGA) then provides a
theoretical tool to shed insights in understanding quantum
dynamical effects in the IR spectroscopy of liquid water and to
test the accuracy of the ab initio-based force field.®"!
Comparison of the simulated IR spectra for the TTM3-F water
model in Figure 4 shows that the intensity of the O—H stretch-
ing band given by classical MD is much higher than that by the
LSC-IVR (and that of the experimental spectrum). The good
agreement between the peak position of the classical O—H
stretching band and experiment actually implies without ambi-
guity that the TTM3-F model needs to be improved for accu-
rately describing the frequency shifts of hydrogen bonded O—H
stretching vibrations, because classical MD fails to account for
the significant anharmonicity of the O—H stretching vibration
and vyields evitable blueshifted frequencies compared to
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Figure 4. Comparison of simulated IR spectra using the TTM3-F model to
the experimental results. (Reproduced with permission from Ref. [81].)

quantum results. The LSC-IVR librational band implies that rela-
tively high-frequency hindered rotations (800-1000 cm™") still
exist in liquid water for the TTM3-F model that agrees well with
experiment. In agreement with experiment and similar to the
discussion on the static density distribution of local frequencies
(Fig. 3b), the LSC-IVR IR spectrum suggests significant quantum
effects in the intermediate region (1000-1500 cm™') between
the bending and librational bands and that (2000-2200 cm™")
between the stretching and bending bands.®"! The intermediate
regions are believed to be sensitive to energy exchange
between different modes in water.

Proton transfer spectroscopy

Basire et al. have used the LSC-IVR/classical Wigner combined
with the QTB method to study a three-variable model pertinent
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to proton-transfer complexes in solution (a fluctuating polar envi-
ronment).®® The dipole correlation function and then the IR
spectrum have been simulated for the weak H-bond case with
the O—H frequency strongly modulated by both proton-donor-
acceptor distance and the solvent and also for the solvent-
induced proton transfer with the strong H-bond case where the
proton is delocalized. The LSC-IVR/classical Wigner correlation
functions accurately reproduce the short-time behavior of the
quantum results, although disagreements appear at longer times.
The spectral frequencies obtained from the LSC-IVR/classical
Wigner are in good agreement with the exact results. The purely
classical simulation for these model systems gives nearly identical
regions for high-frequency bands but with a much too low inten-
sity,’®! which we expect can be greatly alleviated by using the
classical dipole autocorrelation function as the Kubo-transformed
one to compute the IR spectrum®' 82199112 or myltiplying the
classical spectrum by a frequency-dependent quantum correction
factor (the QCF approach)."®'% |t will be more interesting to
test the LSC-IVR/classical Wigner with the QTB method for some
more challenging benchmark problems as demonstrated in the
LGA applications in the previous sections.

Although the QTB method is less accurate and more limited
than the imaginary time path integral approach, the LSC-IVR/
classical Wigner combined with the QTB deserves attention in
future as it offers an efficient approximate way for including
quantum mechanical effects in MD simulations when the QTB is
valid.

Limitations of the LSC-IVR/Classical Wigner

As with any approximate quantum dynamical method, the
LSC-IVR/classical Wigner model of the correlation function has
its limitations, which we briefly discuss below.

1. It fails to describe true quantum recurrence/rephrasing
effects.l"27% Although long-time quantum recurrence/
rephrasing effects (often shown in one-dimensional
bounded systems) are often anticipated to be quenched
by coupling among the various degrees of freedom in
condensed phase systems, the LSC-IVR itself is incapable
of suggesting when and where these effects do become
important. The SC-IVRs!''"2*7® offer an intrinsically con-
sistent framework to improve over the LSC-IVR for longer
time dynamics using classical trajectories.

2. It fails to conserve the mapping canonical (Boltzmann)
density distribution which leads to

(B(t)) # (B(0)) (70)

for most thermal equilibrium properties [ie, A=1 in Eq. (1)]
except for harmonic systems.”88182112-1141 Bacayse of the
quantum commutation

[e—[}f:l7e—il:ft/hi| :07 71

it is well known that the thermal equilibrium properties are
time invariant, that is,
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As discussed in Ref. [82] and later in Ref. [112], the LSC-IVR/
classical Wigner sometimes leads to the artificial energy flow
from the intromolecular modes to the intermolecular ones.
Habershon et al. termed it “the zero point energy leakage,”
but this is an inaccurate formulation of the concept. As dis-
cussed for Egs. (45-49) in the 2nd part of Section ‘Theory, the
LSC-IVR/classical Wigner conserves not only the total energy
but also each ‘microscopic’ term, the energy partitioned on
each eigenstate. Apparently, the zero point energy—the
energy of the lowest eigenstate of the Hamiltonian (H) of the
system is in principle conserved in the framework of the LSC-
IVR/classical Wigner as suggested by Egs. (43) and (49). The
true problem of the LSC-IVR/classical Wigner is the mapping
phase distribution of the density operator is not con-
served, 7881821141 that s,

dp(x,p; t)

e 70, (73)

even though the density operator p commutes with the evolu-
tion operator et/ For instance, the energy partitioned on
each eigenstate [Eq. (47)] can be divided into the kinetic
energy term

. 1 iGek Vs o 1. —if
(T(t)),,:Tr(Ee*ﬁE"\n><n|e’Ht/hEpM pe ’H’/h) (74)
and the potential energy term
. 1 e -
(V(t)),=Tr (2 e FEn|n) (n|e’”’/hv(x)e_”"‘/h) . (75)

While either of Egs. (74) and (75) is constant in quantum
mechanics, the LSC-IVR/classical Wigner formulation of the
kinetic energy term Eq. (74) or the potential energy term Eq.
(75) is not invariant with time except for harmonic systems.
One can further decompose such as the potential energy
term (V(t)), into the intermolecular and intramolecular ones,
that is, (V(t)),=Vinter(t)),+ (Vinra(t)),,, €ach of which should
be constant in quantum mechanics but is variant with time
in the LSC-IVR/classical Wigner for general systems. That is, in
the framework of the LSC-IVR/classical Wigner, the kinetic
energy term and the potential energy term of the same
eigenstate can exchange with each other, so do the intermo-
lecular and intramolecular potential energy terms of the
same eigenstate. In summary, while the zero point energy
(and even more generally, the energy partitioned on each
eigenstate) is actually preserved in the LSC-IVR/classical
Wigner (therefore no leakage of the whole zero point
energy), each component of the zero point energy is usually
not time-invariant during the dynamics in this approach for
equilibrium systems because of Eq. (73).°%""? The drawback
leads to the intrinsic unphysical decay of the LSC-IVR correla-
tion function, competition of which with the physical decay
of the molecular system determines the accuracy of the LSC-
IVR/classical Wigner approach.®"
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Aiming at fixing the problem in Eq. (70) while keeping the
property of the LSC-IVR/classical Wigner—giving exact correlation
functions in the classical, high-temperature, harmonic limits even
for nonlinear operators, one can use the theoretical framework
demonstrated in the 2nd part of Section ‘Theory’ to generate the
three families of trajectory-based approaches in phase space for-
mulations of quantum mechanics”® that conserve the mapping
canonical density distribution as discussed in Refs. [37,38,70,78].
More recently, a novel imaginary time path integral based
approach—path integral Liouville dynamics (PILD)"®"’ has been
proposed from the framework.

Concluding Remarks

In many regards, the LSC-IVR/classical Wigner has become a
versatile and mature tool that enables the inclusion of
quantum mechanics effects with MD trajectories in complex
molecular systems containing many interacting par-
tiCles'[42—44,48,49],[59—61,63—65],[68,81,82,93],[96—99,104] Its potential has
been demonstrated in a great deal of applications, including
reaction rates, VER rates, transport properties, spectra, and so
forth, regardless of whether linear or nonlinear operators are
involved. While the LSC-IVR (LGA) has already been imple-
mented and can be accessed in several widely used molecular
simulation packages such as AMBER,®*'"*! the QTB can also
be readily used with the LSC-IVR.

The two kinds of methods for the LSC-IVR/classical Wigner do
not require specific forms of the potential energy surface and
can be straight-forward to combine with general force fields or
ab initio electronic structure methods, which makes the LSC-
IVR/classical Wigner model a useful and powerful first-principles
tool for quantitatively studying various dynamical properties in
complex (large) molecular systems. We hope that this article
offers an effective introduction to an expanded community to
use the LSC-IVR/classical Wigner in future applications in chemi-
cal, biological, or material systems.

APPENDIX A: EXPRESSION OF THE
CORRELATION FUNCTION IN THE PHASE SPACE
FORMULATION OF QUANTUM MECHANICS

Here, we show the proof of Eq. (34). Note that the Baker-
Campbell-Hausdorff formula

explAlexp[B]=exp(A+8+ 3 [A.8] ¢ 15 A8, 48]+ )

N

leads to
eiCTf( +in'p _ eig’ﬁ emT,s eihdq/z. (A2)
It is straightforward to show
€"'P |x)=|x—hn) (A3)

by inserting the complete basis sets of the momentum opera-
tor. Implementing Egs. (A2) and (A3) into Eq. (35) leads to
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o | | n| ay a1y e

irT (y— —inT _iReT
8 (y—x)o=im'po—ihln/2.

A (x,p;t)=

(2m) (A4)

Similarly, substituting Eqs. (A(2)) and (A(3)) into Eq. (36) and
switching the variables (£, 1) to (=, —n), one obtains

_ R\ ) o
B(X,P)=(£> JdCJdnjdyf(gm) ! (y—hn|Bly)e® XY Pehtn/2
(A5)

Using Egs. (A(4)) and (A(5)) in the RHS of Eq. (34) and inte-
grating it over x and p, the RHS of Eq. (34) becomes

3 (30 e anf v a i [ a a1y - ve v

xf () ty = Bly)e ¥ e 2o (nn )3 (¢ ) |
(A6)

which is

3 (zﬁ)J dCJ danVJ dy (ylA” (0)ly—tm)e® Y ) iy ~hmiBly ).
(A7)

Note that f({,m) is now cancelled out. By integrating Eq.
(A(7)) over the variable { and then y/, it follows that

1

50" | dyiyid” )y by —tmiely). a0

Making a change of variable x=y—hn in Eq. (A(8)) and inte-
grating over both x and y, one obtains the LHS of Eq. (34), which
proves that Eq. (34) holds for any operator A or B.

Specifically,

fF(gm)=1 (A9)

leads to the expression of the correlation function with the
Wigner”21"® distribution. Integrating over the variables ¢ and
y in Eq. (A(4)) produces

AP (x, p;t)= Jdn(x+hn/2|f\ﬁ(t)|x7hn/2)e”"7". (A10)

1
(2n)"
By making a change of variable Ax=—hn/2, it follows
1

(Znﬁ)
= Al (x,p;1).

A/}(X7 P; t)= [dAX< —AX/ZMB((-)|X+Ax/2>eiApr/h

(A11)

Similarly, after integrating over the variables £ and y in Eq.
(A(5)) and then making a change of variable Ax=hn/2, Eq.
(A(5)) becomes

B(x, p):[dAx(x—Ax/2|l-§|x-i-Ax/2)e"A"T"/h = Bw(x,p). (A12)

Now Eq. (34) leads to Eq. (37).
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APPENDIX B: QUANTUM LIOUVILLE EQUATION IN
THE WIGNER PHASE SPACE REPRESENTATION

Here, we follow Ref. [78] to express the quantum Liouville equation
(or the von Neumann equation) for the general density operator
/\ﬁ(t)* —iHt/h AP Gt/ e Eq. (40)] in the Wigner phase space.

For any operator A, it is trivial to show that

Ax/2|Aly)
(B1)

- ) fi o O
(x—Ax/Z\pA\y)f—lh&@ Ax/2\A|y>721hw<x

and

P L0 . 0 -
(y\Ap\x—i—Ax/Z)—/h&(y|A\x+Ax/2)—21h@(y|A\x+Ax/2).
(B2)
Based on Egs. (B(1)) and (B(2)), one can show

Ax/2|A|x+Ax/2)
(B3)

LA L0
- +Ap|x+ =2ih—— (x—
(x—Ax/2|pA+Ap|x+Ax/2)=2ih Ax (x

and

(x—Ax/2|Ap—pA|x+Ax/2)=ih —Ax/2|A|x+Ax/2). (B4)

0
0x<
Note

LN, T VAP L
A -p'M'p pM [A,p] [A p} M7 'p.  (B5)
2
One can derive the following equation from Egs. (B3)-(B5),

Ax, 1T[.51 "M } Ax > ( 0 )T
X— —|——{A —pM |x+—)=—ih
< 2 ih 2 O0Ax (86)

4 0 AX  -p Ax
M~ x—— ATt =
o T A )

Integrating by parts over Ax for the above equation leads to

1\ Ax, 11,7 AX, o7
S — + ip’ Ax/h
<2nh> J_OO dAx{(x 5 \ - {A 5P M- ]|x > Ye }
0
——Aa M B
pM ! Al (x.p).

(B7)

Expanding the potential V(x) into a Tyler series, one can show

<x—%\[ﬁ\ﬁ,\7(f()]|x+%>—< gm +%>
(e 3) (3
=< f—\A ’|1x +g> V'(x)Ax+%V(3)(x)(%)3+~~].

(B8)
Here
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A\ 1L B
VOX) (=) == ) ————AxAXAX. B9
(x)<2) 8iJ_k:18x;6)(/8xk =%k (B9)

Integrating by parts over Ax in the RHS of Eqg. (B(8)), one
has

1 N oo AXx 1 B Ax LT
I = + == ip’ Ax/h
(Znh) J—oc dAx Kx 5 | = [A ,V(x)} [x 5 >e }

OAy .. RLOPAY
=_W - 4.
op x)=55 op? (x)
(B10)
Here
348 N 328 3
GA;,V @) (x) = PAY, >V _ ®11)
op =t OpiOp;Opk OXi0X;0X

Finally, Egs. (B(7)) and (B(8)) demonstrate that the Wigner phase
space representation of the Liouville equation [Eq. (40)] can be
expressed as Eq. (41). Note that Eq. (41) is a generalization of the
Wigner-Moyal equation”>®” for the conventional density opera-
tor p . Note that A% Egs. (B(5))-(B(8)) can be replaced by any
general density operator such as pA, for which Eq. (41) still holds.
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