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Abstract

Symmetry properties of time correlation functions within the forward-backward semiclassical dynamics (FBSD) approximation are
considered. It is shown that FBSD autocorrelation functions of momentum and position-dependent operators satisfy rigorously the time
symmetry relation of the quantum mechanical expression. The detailed balance condition follows from this symmetry in the special case
where the density is given by the Boltzmann operator. The derived properties are illustrated with numerical simulations on liquid neon.
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1. Introduction

Time correlation functions encode important dynamical
information. For example, dipole moment correlation
functions are related to absorption spectra, flux correlation
functions yield reaction rates, and velocity correlation func-
tions can be used to calculate diffusion coefficients. One
of the practical advantages of the time correlation function
approach is that the observable of interest often can be
obtained from relatively short time information. While
most theoretical efforts have been devoted to the calculation
of two-time correlation functions that correspond to linear
experiments, multi-time correlation functions have also
received attention as a tool for analyzing nonlinear spectro-
scopic data.

This paper deals with time correlation functions of the
form

C.up(t) = Tr(pode™™/" BeHi/m). (1.1)

Here, a (hermitian) operator 4 is multiplied by a time-
evolved (hermitian) operator
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B(1) = ¢t/h Bt/ (1.2)

and the product is ensemble-averaged with respect to an
equilibrium density operator p,. Most relevant to con-
densed phase processes are finite temperature correlation
functions, in which the density is given by the Boltzmann
operator p, = e /7 , where Z = Tre "™ (p = 1/kgT).
Time-dependent semiclassical theory [1] offers a rigor-
ous and sufficiently accurate approximation [2] to the
quantum mechanical propagator in the 7% — 0 limit.
However, its application to polyatomic systems is hin-
dered by the oscillatory character of the semiclassical
phase, which impairs dramatically the efficiency of
Monte-Carlo methods. The forward-backward semiclas-
sical dynamics (FBSD) approximation [3-6] reduces the
oscillatory behavior of the integrand by combining the
actions of the forward and backward propagators into
a single semiclassical step, which amounts to the station-
ary phase limit of the quantum mechanical expression.
Thus, it provides a rigorous and practically useful meth-
odology for simulating the dynamics of condensed phase
systems that exhibit quantum mechanical effects and thus
are not treatable by classical molecular dynamics. Its
practicality lies in the extraction of dynamical properties
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from classical trajectories. Unlike ordinary molecular
dynamics methods, FBSD trajectories are sampled from
a properly quantized phase space distribution and thus
capture important quantum mechanical effects. A num-
ber of calculations in our group have shown that FBSD
can reliably reproduce the imaginary part of time corre-
lation functions [5,7-9], account for frequency shifts
associated with high-frequency vibrations [5], yield nearly
quantitative results for the diffusion constant of liquid
p-H, in a temperature range where molecular dynamics
treatments lead to a qualitatively incorrect description
of the system’s thermodynamic phase [8], and accurately
incorporate identical particle exchange effects [10].
Recently, Nakayama and Makri [11] reported the first
successful simulation of superfluid helium, where FBSD
reproduced remarkably well the measured incoherent
structure factor in the intermediate to high neutron
momentum regime.

In this paper, we derive various symmetry properties of
time correlation functions in the FBSD approximation
[4,5]. Restricting our presentation to one-dimensional
systems for simplicity, the FBSD approximation to the
Heisenberg time-evolved operator defined in Eq. (1.2) takes
the form [6,12]

~FBSD

870 = u ! [ o [ an{3 kel
—2~/<fc—xo>|gmpo><gx0p(,|<x—xo>}B<x,,pt>. (13)

Here, g, ,, are coherent states with wavefunctions given by
the relation

(5) = (Zj)iexp (<o =x =) (1)

and x,, p, are the phase space coordinates reached at the
time ¢ by a classical trajectory originating at xg, po. Eq.
(1.3) is derived by expressing the operator B in an exponen-
tial derivative form and applying the time-dependent semi-
classical approximation in the coherent state representation
[13] to the resulting product of exponential operators.
Thus, the FBSD approximation is the stationary phase
limit of the Heisenberg-evolved operator.

Use of Eq. (1.3) in Eq. (1.1) leads directly to the FBSD
approximation for time correlation functions,

_ 3 .~
e = ) [ andp {3 e indle)
25 = 30AE = 30l Bl
(1.5)
To implement the approximation, classical trajectories

are sampled from a phase space distribution proportional
to the exponential part of

RIS . SN
PA(x07p0) = <gx04p0 EPOA - 2"/()&' - xo)pOA(x —XO) gxg,pg)'

(1.6)
Because this operator involves only the equilibrium den-
sity, it can be fully quantized (e.g., by expressing the Boltz-
mann operator as an imaginary time path integral [14]).
The accurate representation of the phase space distribution
that determines the weights of the classical trajectories
ensures a correct description of important quantum
mechanical effects associated with zero-point energy, fre-
quency shifts, and imaginary components that are respon-
sible for spectral asymmetries. At the same time, the
combination of a quantum mechanical treatment of the ini-
tial density with a subsequent classical propagation leads to
various inconsistencies. Among the most significant ques-
tions that arise are (i) whether FBSD satisfies the detailed
balance condition and (ii) how the quantized distribution
evolves at long times. The present paper focuses on the first
of these questions. The characteristics of the long-time
evolution of the quantized phase space density will be the
subject of another paper [15].

In a recent paper, Wright and Makri [16] performed
numerical calculations for the evolution of the phase space
density in model one-dimensional systems and demon-
strated that the FBSD correlation function satisfies the
detailed balance condition within the statistical precision
of the calculations. Detailed balance is a manifestation of
symmetries in the correlation function, and we revisit this
issue in the present paper by investigating under what
conditions certain time-domain symmetries hold rigorously
for the FBSD correlation function. We find that auto
correlation functions of interest satisfy these desirable
symmetries, and thus obey the detailed balance principle.
Because the static and dynamical operators in the FBSD
expression are treated at different levels, correlation
functions of different operators (and thus expectation
values) do not in general display these features and can
exhibit spurious temporal fluctuations. A practical
conclusion of this study is that the FBSD results for time
autocorrelation functions can be expected to be more reli-
able than consi- dered in the past, and that accuracy tests
based on the performance of expectation values tend to
over-estimate significantly the error in the autocorrelation
function.

For use in the following section, we review here the path
integral representation of the FBSD correlation function
derived in [5]. For a system of d atoms described by the
3d coordinates x5, s=1, 2, 3, j=1, ..., d, the inner pro-
duct correlation function of two vector operators A and
B takes the form

Cag(t) = Z*lTr(efﬁHA . ei’:”/hf}e*":“/h)

= (2nh)73d/dx0/dp0 / dx; ~~~/de

X @(X07p07xla .. '7XN)AA«B(X07PO7X13 ..
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Here,
O (X0, Py, X1 - -, Xy)
= (8, Pole ™02 )oY ) g [~ xy )
oMV () < N|efAﬁH0/2|gx0‘p0> o

N-1

_ﬁH(zvs,)% m, ( m, )
T ) mg+ ARy, \2nH°Ap

s=1 j=1

X exp 7m42s (V«(ij‘l - xxj0)2-
mg+ ARy, "7 ’

AB i
2
+ 7 (Xgn — Xg0)” + %Pfj,o + %Ps,;o(xxj,l - xsy;N))

L Y Xsjk — Xjje T_A Y V(xy; } 1.8
FPap D k) AR Vlw) o (18)

k=2

is the path integral discretization of the coherent state
transform of the Boltzmann operator alone, and the other
factor depends on the operators under consideration. The
function A, . 3 depends on the specific form of the opera-
tors; the explicit form of that function is given in the fol-
lowing section for some operators of interest.

In the following section, we investigate various time
symmetries of time correlation functions within the FBSD
approximation. One of these symmetries is used to prove
rigorously the validity of the detailed balance property
for force or velocity autocorrelation functions obtained
through FBSD calculations. In Section 3, we present a sim-
ulation on liquid neon and show that the detailed balance
condition is obeyed accurately. Finally, Section 4 summa-
rizes the findings of this work.

2. Time symmetries and detailed balance in FBSD

As is well known, at finite temperature the quantum
mechanical time correlation function defined by Eq. (1.1)
satisfies the symmetry relation
Cup(t) = Cy (—1). (2.1)
This relation holds for equilibrium correlation functions
because the density operator p, = e commutes with
the Hamiltonian that generates the time evolution.

For A # B , the FBSD correlation function generally
does not satisfy the above condition. Expectation values of-
fer a clear illustration of this symmetry violation: Setting
B =1, the FBSD expression reduces to the exact quantum
mechanical expectation value of the operator A , thus
CEBSP(4) = Trp,A. With the choice 4 =1 and B # 1 the
FBSD expression Ct 5 (1) generally yields expectation val-
ues that exhibit a mild time dependence, in contrast to the
exact quantum mechanical result that remains stationary
[15]. The spurious time dependence of FBSD is a conse-
quence of the lack of commutation between the density,
which is treated fully quantum mechanically, and its time
evolution, which is based on classical mechanics.

It is encouraging, however, that essentially all time auto
correlation functions of practical interest rigorously satisfy

the symmetry relation (2.1). This is shown first from the
explicit form of the path integral-discretized expression,
Eq. (1.7), for position or momentum autocorrelation func-
tions (A =B =2x or p), for which the integrand factor
becomes [5]

7XN)

3 d 3 !
= <1 +5d>é -2 E E VSJf;"l/g (ij«,Oapxj,vasj.l)
s=1 j=1
2
y ( HAB/2

Ax-x(XOamela ...

m + thﬁ ( ) + gf (xsj‘07psjﬁ07xs_/lN)>

(2.2)
or

AP‘P(X07PO7X17' . XN;t)
3
1 —|—2d 10(Xo, Po; t)

my
x|~
( m + h Aﬁ’ysj

d 3
E § Y/f;‘[ xY/()7p5JO7xV/1)

Py (1) + 0(Xo0, Po; t)ﬁg(x‘V/’()’péj’O’xxj.N)) ‘
(2.3)

In these equations

<xsj.,k|€ ApHo/2 (xéj — Xy, 0) |ng./-“’pé/-°>

<xsj_’k|efAﬁH°/2|gxs,:o~ij.0>

S — (x —-x —&—ih% )
- m + thﬁVV sjk 57,0 2mpxj,0 9

fs[j ('xS]'aO?psjAO’ Xgjk) =

(2.4)
d 3
X07p07 Z Z fS‘j x5/07p;]07x31N) +xs10)xsj(t) (25)
s=1 j=1
and
d 3
XOapO’ Z Zwvj Xsj, Oaps/vaYjN)ps/( ) (26)
s=1 j=1
where
Wﬂ (x 0P X ) . <xs]"k|e AﬁHO/zpsj|gx”0p:/0>
sj\Nsj,00 Psj 00 Mk) — 7
! ’ ! <xS/'«,k‘eiAﬁHOﬂ|gxs,:0-,l7v,‘r>>
O [—ipy + 2y )
= T A _ps’,() ’yxs',k_x;',() .
ms + h2Aﬁysj ’ ’ '
2.7)

Consider a trajectory with initial conditions (Xg,po)
which at the time ¢ reaches the phase space point (X, p;).
The classical equations of motion
dx, dp,  OV(x,)

a ™ P 4T T e

imply that, upon integration in the negative time direction
to the final time —¢, a trajectory with initial conditions
(X0, —po) will reach the phase space point (x,—p,). It



26 J. Liu, N. Makri | Chemical Physics 322 (2006) 23-29

follows that the same initial condition (xo, —po) will reach
the phase space coordinates (x_,,—p_,) at the time ¢, thus

—Po) =X—r (X0, —Py) = —P_- (2.8)
We now examine the effect of reversing the direction of

the initial momentum on the FBSD expressions given

above. Eq. (1.8) implies

O (X0, =Py, X1, - - -, Xn) = O(Xo, Po, X1, - - -, Xy) -

Next, from Egs. (2.4)—(2.7) we obtain

xt (XOa

f!f (X570, —Psj0> Xojk) = fs{; (xs/,o7psj,o, xsj,k)*y
ij(xsfv()’ —Psj00 %) = ij(xsi,07psj,07xk)*»
from which it follows that
0(xo0, —Po3 ) = —0(xo, Po; —1)°
and

&(x0, —Po3 1) = &(Xo,Po; —1)"

Using these relations one concludes that

App(X0, =Po, X1, - - -, Xy 1) = App(Xo, Pos X1 - - -, Xnys —1)"
(2.9)
and
Axx (X0, —Pos X1 - - - s Xn; 1)
= Ayxx (X0, Pg X1, - - -, Xov; —1) " (2.10)

It is straightforward to prove the symmetry relation (2.1)
using Egs. (2.9) and (2.10). From Eq. (1.7) one finds

t) = (2nh)73d/ dxo/ dpo/ dxl---/ dxy

X@X07p07Xla-~-a pp x07p07X17"

XN7
(2nh) M/ dxo/ dpo/ dx; - - / dxy

X O (X0, —Pos X1 - - - s X) App(X0, —Pgs X1, - - -, Xoy; —1)”
= Cpp(—1)
and similarly,
Cex(t) = Cyx(—1)".

Interestingly, this symmetry property can also be proven
for a general density that is not necessarily given by the
Boltzmann factor and for essentially all autocorrelation
functions of interest. We show this below by manipulating
the coherent state matrix elements of the density operator
in Eq. (1.5). For simplicity the derivation is presented in
one-dimensional notation.

Consider first autocorrelation functions of position
operators, where B = A = A(%). Of much practical impor-
tance is the case are correlation functions of the dipole mo-
ment operator (4 = u(%) ), force autocorrelation functions
(4= 14(%)), and the reactant-product form of the flux oper-
ator [17] (4 = h(x), B = h(—%), where / is a step function)
which is useful in the calculation of rate constants. The ma-
trix elements of the density with position-dependent opera-
tors satisfy the properties

<gmpo‘p0A ‘gxa p0>
/M/mww, ¥ o)A (24,0

:/M/M%WMWW%WWmemV

= (g plPoA(®)]2 )"
and

—x0)PoA(R) (& — x0) 24, )
/mjﬁwgﬁxx—m<MW5

)@ %) (8 )
/M/M&MW(LWWWW

A" X" = x0) (x|, py)”
= <gx0fp0 I(x = %0) PoA (%) (% — X0) |8y, ,)

(G200

It follows that the phase space density defined in Eq. (1.6)
obeys the relation

Pyt (%0, po) = Page) (X0, —py)"-

This, along with the first of the relations in Eq. (2.8),
proves the desired symmetry relation for the force autocor-
relation function (or that of any position-dependent
operator).

The symmetry of the momentum autocorrelation func-
tion can be shown in a similar fashion: the first matrix ele-
ment in Eq. (1.6) becomes

<gx0 2o ‘lb()ﬁLgxo 20 >
=/M/M@Mwwmwwwmw

/ 1 / A AW a
= [av [ @l ) lpl it

-l 0)

/ // 0 /" '
/dx /dx gx() —Po < ‘p0|x ><1h6_x0<x |gX<Jy—PO>)
/dx,/dXN gxo —Po < ‘p0|x >< N|ﬁ|gxo<—1)o>*

= _<gx0.fpo|p0p|gx0fp“> ’ (211)

while the second term is rewritten as

<gx0,p0 ‘ ()AC - xO)f)Oﬁ(‘% - X()) ‘gx(),p(])

= [ a0 [ aetg, = b)) 0 G )l )
! " / / AR /AN a " "
— [ [t W00 ) i = 30) ¢ )
- / dv / A (g0, o I) (= 20) (] o)
: a 7 ' '
X lhg()(x —X())<X |gx0.—p0>
- / dv / A"l | = 2ol'Y (oY (R = 10)l )

= _<gx0,fp0 | (‘% - XO)IA)OZA)(X - x0)|gxg,fp0>*‘
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It follows that the phase space density defined in Eq. (1.6)
obeys the relation

_Pp(x07 _pO)*'

Together with the second of the relations in Eq. (2.8), the
last equation proves the desired symmetry relation for the
momentum autocorrelation function.

Finally, we consider the flux—flux autocorrelation func-
tion [17], whose integral yields the rate constant for a
barrier crossing process. The relevant operator

Pp(xoapo) =

A=F = 6@+ ()

has position matrix elements given by the expression
ih U / 1"

2, (0@)3G") = 6(x)&'(x")),

—(|F ).

P = -
W |Fx"y =
The coherent state matrix elements become

(8o |PoF 180 )

/ dx/ / dx// / dx/l/ gX“ pO
- / av / dv” / A" (g, Y (120 l) O Y (0 g’

- <g,\'(),fp0 |ﬁ0F|ng,fp“>

(Do) O [F X" (" 4,

and
gm) Po (x xO)pOF(X Xo) |gm p0>
/dxl / dx” / dx/// glo PO x _x0)< ‘p0|x//>< //|F|x///>
/// _ )< ///|gv0 p0>
- / 0 [ [ avite, by (¢ —x) @l
% <x//|1:—~|x///>*(x/// )< ///|gv0 p0>
= —(Zuypo | (F = X0) P (& = %0) €1 ) "

From these it follows that

PF(XOapo) = _PF(XOa _pO)*'
Futher, Eq. (2.8) implies

1 P, D
Fls=p) = =5 (00) 2+ 25(x) ) = —F(x..p).
The last two relations lead to the result
CFF(t) - CFF(—Z‘)*.

The validity of Eq. (2.1) implies that momentum and po-
sition (or force) FBSD autocorrelation functions have an
even real part and an odd imaginary part. As a conse-
quence, the spectral function

GAA((,O) = / CAA(t)eiiwtdt

o0

(2.12)

is real-valued for these autocorrelation functions.

It is possible to show that the FBSD autocorrelation
function for a system at thermal equilibrium satisfies
another time symmetry, which is closely related to the
detailed balance condition. Consider the correlation func-
tion for a complex time argument,
= Tr(pode P e/ pe-iH1/hehH),

Cus(t +ihp) (2.13)

In the special case where p, = e ¥ /Z, the FBSD approxi-
mation to Eq. (2.13) is

FBSD

(1)e")

= Tr(,bofle*ﬂgf?
~FBSD

(e pyde B 1)

Cls™ (¢ +inp)

Substituting the FBSD expression of Eq. (1.5), this
becomes

. 3 -
CE?SD (t + lhﬁ) = / dedPO (E <gxgp0 |Ap0|gxqp0>
2 5 = )05 ) ) ) B
3 oA
= d_X()de E <gxgpu |p0A|gxop0>

ETWIE fxo>|gxo,,0>) B(x..p,)

(2.14)

—29(gpy | (X
=P (0).

Further, by virtue of Eq. (2.1), canonical FBSD autocorre-
lation functions must satisfy the relation

CLr (t +inp) = CLIP (—1).

Next, we focus on the spectral function defined in Eq.
(2.12). Changing the integration variable,

G (o) = [ (-

oo

f)e " dr.

Substituting the complex time form derived in Eq. (2.14),
making a new change of integration variables and shifting
the contour of integration, we obtain

G (o) = [ GIe+ e ar

oo

oo
_ e—hwﬁ/ GESSD(t)e—imt dr = e—hwﬁG/l;/l;SD ((U)
—00

This proves that the FBSD autocorrelation function satis-
fies the detailed balance condition
G (—w) = e "G (w). (2.15)
The spectral function may be partitioned into symmetric
G44sym and antisymmetric G4 asym parts, which corre-
spond to the Fourier transforms of the real and imaginary
parts of the correlation function, respectively. Eq. (2.15)
implies the following relation between the symmetric and
antisymmetric components:
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(2.16)

AA,asym A4,sym

G*®P (@) = tanh <;hwﬂ) G*BD ().

3. Detailed balance in liquid neon

We illustrate the validity of the detailed balance condi-
tion with a simulation on liquid neon. The system is treated
as a Lennard-Jones fluid with parameters o = 2.749 A,
¢/kg =35.6 K and m =3.35x107%° kg, at a reduced den-
sity p” = 0.78 and temperature 7~ = 0.84. This state point
is at a fairly low temperature, while still in the liquid region
of both the Lennard—Jones and experimental phase dia-
grams [9,18]. Quantum effects are significant under these
conditions: the kinetic energy computed by path integral
Monte-Carlo methods is about 55.15 K, amounting to a
20% quantum correction to the classical kinetic energy of
44.85 K. These sizable quantum mechanical effects arise
from the large zero-point energy of the light neon atoms.
The dynamical consequences of these quantum effects are
even greater: the momentum correlation function com-
puted by FBSD was found to differ substantially from that
obtained by classical molecular dynamics methods, and
various quantum correction factor prescriptions give rise
to different results, none of which is in good agreement
with the FBSD results [9]. Using the pair-product approx-
imation [8] to the coherent state matrix element of the
Boltzmann operator, the present simulation converged
with a single path integral bead.

Fig. 1 shows the Fourier transforms Eq. (2.12) of the
FBSD velocity time correlation functions for this system.
As has been argued in previous work [7], the existence of
an imaginary component in the FBSD time correlation
function leads to the observed asymmetry in frequency
space. Fig. 1 shows that the detailed balance relation, Eq.
(2.15), is satisfied accurately. (The validity of this relation
is demonstrated in the figure by multiplying the positive-
frequency part of the function by the Boltzmann factor
e " which generates the left-hand-side of Eq. (2.15); neg-
ative-frequency points are not processed this way, as the
exponentially growing Boltzmann factor would lead to a
large magnification of statistical errors.) The other mani-
festation of the detailed balance condition, Eq. (2.16), is
also shown to hold accurately over the entire frequency
domain.

4. Concluding remarks

Thermal quantum mechanical time correlation func-
tions satisfy the detailed balance condition, which is a con-
sequence of a time symmetry given in Eq. (2.1). In turn, the
latter is a manifestation of the commutation between the
Boltzmann density operator and that quantum evolution
operator that generates the dynamics.

Within the FBSD formulation, time correlation func-
tions take a hybrid form, where the density operator is
evaluated fully quantum mechanically, and all dynamical
effects enter through classical trajectories. An immediate

consequence of mixing quantum and classical mechanics
is the breakdown of commutation properties, which leads
to an apparent violation of time symmetry and the detailed
balance relation.

In the case of autocorrelation functions, the time sym-
metry of the exact quantum mechanical expression is not
related to the form of the density operator, but is purely a
manifestation of unitarity for the time-evolution operator
generated from a Hermitian Hamiltonian. Interestingly,
we have shown in this paper that FBSD autocorrelation
functions for momentum or position-dependent operators,
and even flux autocorrelation functions, also rigorously
satisfy the time symmetry of the quantum mechanical
expression and, as a consequence, the detailed balance
condition in the special case where the density is given
by the Boltzmann operator. This property is a very desir-
able one, and gives us further confidence in the accuracy
of the FBSD approximation to time autocorrelation func-
tions. We emphasize again that expectation values, which
can be thought of as a special case of time correlation
functions for mixed operators, do not share these fea-
tures. Indeed, numerical calculations have shown that
FBSD expectation values can exhibit a spurious time
dependence; it was found that the latter can be minimized
through a judicious choice of the coherent state parame-
ter, but cannot be eliminated.

Finally, we point out that the time symmetry used in this
paper to prove the validity of the detailed balance condi-
tion also holds for the quasiclassical Wigner approxima-
tion to correlation functions of select operators. In this
approximation the correlation function takes the form

1) = / dxy / APV s (0, o) W 5 (50,2, (1)

G (@) (A%ps)

-1 1 1 1
-200 -150 -100 -50 O 50 100 150 200
a)(cm’l)

Fig. 1. Fourier transform of the velocity time correlation function for neat
neon at the thermodynamic point specified in Section 3. Solid line: Fourier
transform of the total velocity autocorrelation function. Solid circles show
the right-hand-side of Eq. (2.15) for @ > 0. Dotted line: the symmetric part
of the spectral function. Dot-dashed line: the antisymmetric part of the
spectral function. Hollow squares show the right-hand-side of Eq. (2.16).
The width parameter of the coherent state is y = 6 a.u.
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where

. 1. 1.
W o) = i) [ vt + 510 = e

(4.2)

is the Wigner transform of the operator A. Clearly, the
Wigner transform of pyA(x) is real-valued and W,
(x,,p,) = A(x,), so following the arguments given in the pre-
vious section one concludes

Wi (x07po) = W4 (x07 —Po)* (43)

For 4 = p one has

1 P 1 1 ~ ip(x—xp+5
<Xo +§J’\P0P|XO—EJ/> :/dx/dp<x0+§y|po\x>pe”< R,

(4.4)

which leads to the relation

Wp(x07p0) = _Wp(x07 _Po)* (45>

These relations prove the detailed balance condition within
the Wigner quasiclassical approximation.

Apart from providing a deeper theoretical understand-
ing of the FBSD approximation, the above observations
will find practical utility in analyzing the results of chal-
lenging FBSD simulations on condensed-phase systems.
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