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Formaldehyde and hydrogen peroxide are two important realistic molecules in atmospheric
chemistry. We implement path integral Liouville dynamics (PILD) to calculate the dipole-
derivative autocorrelation function for obtaining the infrared spectrum. In comparison to
exact vibrational frequencies, PILD faithfully captures most nuclear quantum effects in vi-
brational dynamics as temperature changes and as the isotopic substitution occurs.
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I. INTRODUCTION

It is challenging to include nuclear quantum effects
(NQEs) for chemical dynamics of molecular systems.
Most trajectory-based quantum dynamics methods fail
to satisfy the two important properties simultaneously
[1−8]: (i) conserve the quantum canonical distribution
for a thermal equilibrium system, and (ii) recover ex-
act quantum correlation functions in the harmonic limit
for both linear and nonlinear operators (i.e. linear or
nonlinear functions of position or momentum opera-
tors). Recently developed path integral Liouville dy-
namics (PILD) is able to have these two properties, as
well as yields exact correlation functions in the classi-
cal (~→0) and high-temperature (β→0) limits. PILD
has been shown to be a useful approach to compute vi-
brational spectra of realistic molecular systems, which
leads to a reasonably accurate peak position with a rel-
atively small full width at half maximum (FWHM) for
an excited mode [9].

In this work, we investigate the numerical perfor-
mance of PILD for its applications to vibrational spec-
tra for formaldehyde (HCHO) and hydrogen peroxide
(H2O2), two realistic small but representative molecules
that play important roles in atmospheric chemistry.
Formaldehyde is the smallest organic molecule contain-
ing a carbonyl group. The photolysis of HCHO gener-
ates new radicals (OH and HO2) that drive ozone (O3)
production [10, 11]. Formaldehyde has a strong influ-
ence on secondary organic aerosols (SOAs) by yielding
radicals that increase gas-phase oxidation of hydrocar-

†Part of the special issue for “the Chinese Chemical Society’s 16th
National Chemical Dynamics Symposium”.
∗Author to whom correspondence should be addressed. E-mail:
jianliupku@pku.edu.cn

bons as well as by promoting formation of surface-active
organic products that depress the surface tension [12].
Formaldehyde is a hazardous air pollutant and a kind
of carcinogen [13−15]. In addition, formaldehyde is a
chemical feedstock used in numerous industrial produc-
tions, e.g. methanol, wood-based materials, coatings,
etc. [13].

Hydrogen peroxide is a nonlinear and nonplanar
molecule, a prototype for studying internal rotation
[16−32]. H2O2 is one of the main final products of
photochemical reactions in atmosphere [33]. It is of-
ten generated by the photolysis of formaldehyde as well
as produced from the dismutation of the hydroperoxyl
radical (HO2) formed from reactions between hydroxyl
radicals and hydrocarbons [33]. Hydrogen peroxide is
an efficient oxidant for SO2, which is responsible for the
phenomenon of acid fog and acid rain [33, 34].

Computational study on the two molecules has been
performed since 1950s [16, 17, 19−24, 35−47]. Vibra-
tional spectra produced by either conventional normal-
mode analysis (NMA) or molecular dynamics (MD) are
often significantly deviated from exact results (espe-
cially in the high frequency domain), because anhar-
monicity is strong in these two systems. As discussed
in Ref.[48], MD explores only a small region around the
equilibrium configuration due to the lack of the zero-
point energy. This is why MD and NMA lead to similar
results when the vibrational frequency is relatively high.

The outline of the paper is as follows. Section II be-
gins by reviewing the PILD approach for calculating
the quantum correlation function. It then presents the
PILD formulation for the dipole-derivative correlation
function for computing the infrared (IR) spectrum. Sec-
tion III describes the simulation details for the HCHO
and H2O2 molecules. Section IV investigates the PILD
spectrum as a function of temperature as well as iso-
topic substitution. Conclusion remarks and outlook fol-
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low in Section V.

II. THEORY AND METHODOLOGY

Most dynamic quantities, such as spectra, rates and
transport coefficients, can be described by quantum cor-
relation functions, of which the form is⟨

Â(0)B̂(t)
⟩
=

1

Z
Tr

(
ÂβeiĤt/~B̂e−iĤt/~

)
(1)

where Â and B̂ are relevant operators, Z=Tr
(
e−βĤ

)
is the partition function, β=(1/kBT ) with kB being
the Boltzmann constant and T being the tempera-

ture of the system, Âβ
Kubo=

1

β

∫ β

0

dλe(λ−β)ĤÂe−λĤ for

the Kubo-transformed version, or Âβ
std=e−βĤÂ for the

standard version of the correlation function. The time-
independent Hamiltonian Ĥ is assumed to be of stan-
dard Cartesian form for a general system with the total
number of degrees of freedom N ,

Ĥ =
1

2
p̂TM−1p̂+ V (x̂) (2)

where M is the diagonal “mass matrix” with elements
{mj}, V (x̂) is the potential energy surface, and p̂ and
x̂ are the momentum and coordinate operators, respec-
tively.

For instance, the Fourier transform of the (Kubo-
transformed) collective dipole-derivative autocorrela-
tion function

IKubo
µ̇µ̇ (ω) =

1

2π

∫ ∞

−∞
dte−iωt

⟨
ˆ̇µ(0)ˆ̇µ(t)

⟩
Kubo

(3)

with ˆ̇µ the first-order derivative of the total dipole mo-
ment operator with respect to time, is directly con-
nected to the experimental IR spectrum with the re-
lation

n(ω)α(ω) =
βπ

3cV ε0
IKubo
µ̇µ̇ (ω) (4)

where α(ω) is the Beer-Lambert absorption constant,
n(ω) is the refractive index of the medium, ω is the
angular frequency, ε0 the vacuum permittivity, V the
volume of the system, and c the speed of light. Calcu-

lation of
⟨
ˆ̇µ(0)ˆ̇µ(t)

⟩
Kubo

is then the key to the atomic

level simulation of the IR spectrum.
PILD was derived from the phase space formulation

of quantum mechanics [4−6] by employing imaginary
time path integral to obtain the effective force [49]. The
PILD expression of the quantum correlation function in
Eq.(1) is⟨

Â(0)B̂(t)
⟩

=
1

Z

∫
dx0

∫
dp0ρ

eq
W (x0,p0)

×fW
Aβ (x0,p0)BW (xt,pt) (5)

where ρeqW (x,p), BW (x,p) and fW
Aβ (x,p) are defined

as

ρeqW (x,p) =
1

(2π~)N

∫
d∆x

⟨
x− ∆x

2

∣∣∣∣∣ ·
e−βĤ

∣∣∣∣∣x+
∆x

2

⟩
ei∆xTp/~ (6)

BW (x,p)=

∫
d∆x

⟨
x− ∆x

2

∣∣∣B̂∣∣∣x+
∆x

2

⟩
ei∆xTp/~ (7)

fW
Aβ (x,p)=

∫
d∆x

⟨
x−∆x

2

∣∣∣Âβ
∣∣∣x+∆x

2

⟩
ei∆xTp/~∫

d∆x

⟨
x−∆x

2

∣∣∣e−βĤ
∣∣∣x+∆x

2

⟩
ei∆xTp/~

(8)

In Eq.(6) ρeqW (x,p) is the density distribution function
in thermal equilibrium in the Wigner space, which can
be expressed with the Gaussian approximation of the
momentum distribution [3, 6, 9, 49] as

1

Z
ρeqW (x,p)≈ 1

Z
⟨x| e−βĤ |x⟩

(
β

2π

)N/2

×
∣∣∣∣det (Mtherm)

∣∣∣−1/2

× exp

[
−β

2
pTM−1

thermp

]
(9)

For the Kubo-transformed collective dipole-derivative

auto-correlation function
⟨
ˆ̇µ(0)ˆ̇µ(t)

⟩
Kubo

, the product

fW
Aβ (x0,p0)BW (xt,pt) in Eq.(5) can be then obtained
as

fW
Aβ (x0,p0)BW (xt,pt)

≈
[
pT
0 M

−1
therm

(
∂µ

∂x0

)]
· µ̇ (xt,pt) (10)

Here the thermal mass matrix Mtherm is defined in Ap-
pendix B, which is reduced to the (diagonal) physical
mass matrix M in the high-temperature or classical
limit [49].

In Eq.(5) the equations of motion of the trajectory
(xt,pt) are  ẋt = M−1pt

ṗt = −
∂V PILD

eff (xt,pt)

∂xt

(11)

with the effective force −∂V PILD
eff (x,p)

∂x given by

− ∂V PILD
eff (x,p)

∂x

=
1

β
MthermM

−1 ∂

∂x
ln
⟨
x
∣∣∣e−βĤ

∣∣∣ x⟩ (12)
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Path integral representation of
⟨
x
∣∣∣e−βĤ

∣∣∣ x⟩ is⟨
x
∣∣∣e−βĤ

∣∣∣x⟩
= lim

P→∞

∫
dx2 · · ·

∫
dxP

(
P

2πβ~2

)NP/2

|M|P/2

× exp

{
− P

2β~2
P∑
i=1

[
(xi+1 − xi)

T
M(xi+1 − xi)

]
− β

P

P∑
i=1

V (xi)

}
(13)

where x≡x1≡ xP+1 with P the number of path integral
beads. After employing the staging transformation [50,
51] of the beads,

ξ1 = x1

ξj = xj −
(j − 1)xj+1 + x1

j

(
j = 2, P

) (14)

Eq.(13) becomes⟨
x
∣∣∣e−βĤ

∣∣∣x⟩
= lim

P→∞

∫
dξ2 · · ·

∫
dξP

(
P

2πβ~2

)NP/2

|M|P/2

× exp

{
−β

[
1

2
ω2
ad

P∑
i=2

ξTi M̃iξi + ϕ (ξ1, · · · , ξP )

]}
(15)

where

ϕ (ξ1, · · · , ξP ) =
1

P

P∑
i=1

V (xi) (16)

ωad =
1

β~

√
P

γad
(17)

M̃j = γad
j

j − 1
M

(
j = 2, P

)
(18)

ωad is the adiabatic frequency, M̃j represents the fic-
titious masses corresponding to the staging variables
(ξ2, · · · , ξP ), and the adiabatic parameter γad∈(0, 1] is
chosen to separate the time scales for all the staging
variables (ξ2, · · · , ξP ) from the one for ξ1≡x. The
forces on the staging variables can be expressed recur-
sively as

∂ϕ

∂ξ1
=

P∑
i=1

∂ϕ

∂xi
=

1

P

P∑
i=1

∂V (xi)

∂xi
(19)

∂ϕ

∂ξj
=

∂ϕ

∂xj
+

j − 2

j − 1

∂ϕ

∂ξj−1

(
j = 2, P

)
(20)

It is easy to show that the effective force of Eq.(12) can
be obtained from

− 1

β

∂

∂x
ln ⟨x| e−βĤ |x⟩ ξ1≡x1≡x

=

lim
P→∞

∫
dξ2 · · ·

∫
dξP exp

{
−β

[
P∑

j=2

1
2ω

2
adξ

T
j M̃jξj+ϕ (ξ1, · · · , ξP )

]}
1
P

P∑
j=1

V ′ (xj)

lim
P→∞

∫
dξ2 · · ·

∫
dξP exp

{
−β

[
P∑

j=2

1
2ω

2
adξ

T
j M̃jξj + ϕ (ξ1, · · · , ξP )

]} (21)

Inserting fictitious momenta (p2, · · · ,pP ) into Eq.(18)
leads to

− 1

β

∂

∂x
ln ⟨x| e−βĤ |x⟩ ξ1≡x1≡x

=
A

B
(22)

A = lim
P→∞

∫  P∏
j=2

dξjdpj


× exp

−β
 P∑
j=2

(
1

2
pT
j M̃

−1
j pj +

1

2
ω2
adξ

T
j M̃jξj

)

+ ϕ (ξ1, · · · , ξP )

] }
1

P

P∑
j=1

V ′ (xj)

B = lim
P→∞

∫  P∏
j=2

dξjdpj


× exp

−β
 P∑
j=2

(
1

2
pT
j M̃

−1
j pj

+
1

2
ω2
adξ

T
j M̃jξj

)
+ ϕ (ξ1, · · · , ξP )

] }

Eq.(22) or the effective force Eq.(11) can be produced
by sampling (ξ2, · · · , ξP ,p2, · · · ,pP ) in a MD scheme.
One can choose the adiabatic parameter γad such that
all the staging variables (ξ2, · · · , ξP ) share the same
time scale that is well separated from the time scale of
ξ1≡x. Then the PILD equations of motion (Eq.(11))
become

ξ̇1 ≡ ẋ1 ≡ ẋ = M−1p,

ṗ1 ≡ ṗ = −MthermM
−1 ∂ϕ

∂ξ1
,

ξ̇j = M̃−1
j pj ,

ṗj = −ω2
adM̃jξj −

∂ϕ

∂ξj

(
j = 2, P

) (23)

While Eq.(22) suggests that the staging variables
(ξ2, · · · , ξP ,p2, · · · ,pP ) should be thermostatted for
obtaining the effective force, the quantum phase space
variables (ξ1,p1)≡(x,p) should not, because they
account for real time dynamics. When Langevin
dynamics is used as the thermostatting method, the
PILD equations of motion are
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

ξ̇1 ≡ ẋ1 ≡ ẋ = M−1p,

ṗ1 ≡ ṗ = −MthermM
−1 ∂ϕ

∂ξ1
,

ξ̇j = M̃−1
j pj ,

ṗj = −ω2
adM̃jξj −

∂ϕ

∂ξj
− γLangpj

+

√
2γLang

β
M̃

1/2
j ηj(t),

(
j = 2, P

)
(24)

where γLang is the friction coefficient for Langevin dy-
namics.

Because the unified “middle” thermostat scheme is
efficient in sampling the configuration space [52−56], it
is employed for the propagation of the PILD trajectory
[9, 57]. When Langevin dynamics is used as the ther-
mostat, the “BAOAB-num” algorithm for path integral
molecular dynamics (PIMD) proposed in Refs. [52, 58,
59] is recommended. The integrator for Eq.(24) through
one time step ∆t can be expressed as

p1 ← p1 −MthermM
−1 ∂ϕ

∂ξ1

∆t

2
,

pj ← pj −
∂ϕ

∂ξj

∆t

2
− ω2

adM̃jξj
∆t

2
,

(
j = 2, P

) (25)

ξj ← ξj + M̃−1
j pj

∆t

2
,

(
j = 1, P

)
(26)

pj ← c1pj + c2

√
1

β

(
M̃j

)1/2

ηj ,
(
j = 2, P

)
(27)

ξj ← ξj + M̃−1
j pj

∆t

2
,

(
j = 1, P

)
(28)

p1 ← p1 −MthermM
−1 ∂ϕ

∂ξ1

∆t

2
,

pj ← pj −
∂ϕ

∂ξj

∆t

2
− ω2

adM̃jξj
∆t

2
,

(
j = 2, P

) (29)

Here, ηj is a vector of random numbers with indepen-
dent Gaussian distribution, and the coefficients c1 and
c2 are

c1 = exp [−γLang∆t] ,

c2 =
√
1− c12

(30)

III. SIMULATION DETAILS

PIMD is used for equilibrating the molecular system
and for evaluating the thermal mass matrix Mtherm be-
fore PILD is employed for real time dynamics. The
dipole moment µ and its time derivative µ̇ are ob-

tained by the point charge model (µ=

Natom∑
i=1

qixi and

µ̇=

Natom∑
i=1

qiẋi, where qi, xi, and ẋi represent the point

charge, position, and velocity of the i-th atom, respec-
tively). The Fourier transform of the Kubo-transformed
collective dipole-derivative autocorrelation function is
used to calculate the IR spectrum (i.e., Eq.(3) and
Eq.(4)).

We first apply PILD to simulate HCHO (formalde-
hyde) and its various isotope molecules with the accu-
rate potential energy surface (PES) developed by Mar-
tin et al. [37]. As the explicit form of the PES is com-
plicated, the code for the force and that for the Hessian
of the PES are obtained by Tapenade [60] with auto-
matic differentiation (AD) technique. P=720 path in-
tegral beads are used in PIMD and PILD for T=100 K,
while P=240 beads for T=300 K. Converged results
are obtained with the adiabatic parameter γad=10−4.
While the time interval for PIMD is ∼0.024 fs, that
for PILD is decreased to ∼0.0012 fs in order to achieve
∼1 cm−1 accuracy for the peak positions of the spec-
trum. The quantum correction factors are evaluated
every 100 steps (∼2.4 fs) in the PIMD trajectory. 48
PIMD trajectories with each propagated up to ∼480
ps are used for obtaining the averaged thermal mass
matrix. Each PILD trajectory is propagated up to
∼14.4 ps and 48 such trajectories (from different ini-
tial conditions) are collected for evaluating the dipole-
derivative correlation function with the time averaging
technique. The IR spectrum of HCHO is simulated for
both T=300 K and T=100 K to test temperature ef-
fects. We then study the isotope molecules (HCDO and
DCDO) for T=300 K. “Exact” vibrational frequencies
of these systems are available in Ref.[37] for compari-
son. The “exact” results were obtained using the vi-
brational self-consistent field-configuration interaction
(VSCF-CI) method described in Ref.[19].

We then investigate H2
16O2 and its isotope

molecules. It is one of the simplest molecules involving
a large-amplitude motion: internal rotation (torsion)
around O−O bond. The molecule system presents a
challenging test for both experimental and theoretical
study. The accurate six dimensional PES was devel-
oped by Koput, Carter and Handy [38]. We use Tape-
nade [60] to generate the code for the force as well as
that for the Hessian of the PES. The parameters used
for converged results for the system are the same as
those used in HCHO molecule. The evaluation of ther-
mal mass matrix for H2O2 is different from that for
HCHO, which is described in the Appendix B. We first
study the spectrum of H2O2 at T=300 K and that at
T=100 K. H2

18O2, HDO2, and D2O2 are then simu-
lated for T=300 K for studying isotope effects in the
spectrum. The simulation results are compared to the
“exact” vibrational frequencies in Refs.[38, 45].

NMA data are obtained by diagonalization of the
mass-weighted Hessian matrix at the equilibrium con-
figuration (i.e., the minimum of the PES). Because vi-
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FIG. 1 The IR spectra for HCHO at both 300 K and 100 K.
Purple dotted lines represent exact frequencies.

TABLE I Peak positions of the HCHO molecule at different
temperatures. PES and exact results from Ref.[37] (unit:
cm−1).

PILD Exact NMA

100 K 300 K

1154 1153 1165.7 1192.2

1242 1245 1247.9 1274.9

1507 1504 1504.3 1543.2

1758 1756 1749.0 1780.8

2801 2805 2789.2 2929.2

2852 2853 2842.0 2995.9

brational frequencies produced by MD are similar to
NMA results, we only compare PILD results to ”exact”
or NMA values in the work. The “exact” results were
obtained using the fully symmetry-adapted finite-basis
variational method described in Ref.[20].

IV. RESULTS AND DISCUSSION

A. Formaldehyde

FIG. 1 presents the PILD infrared spectra for the
HCHO molecule at T=300 K and T=100 K. Table I
then depicts comparison of the exact vibrational fre-
quencies to the spectra obtained by PILD at T=100 K
and 300 K and by the normal mode analysis (NMA). In
comparison to the exact values of this molecular system,
the NMA results are reasonable for low-frequency vi-
brational modes, but significantly blue-shifted for high-
frequency modes. It indicates that nuclear quantum
effects are remarkably strong for C−H bond stretching
motions in the high-frequency region. The peak posi-
tion of the symmetric stretching mode for the two C−H
bonds is only about 50 cm−1 from that of the asymmet-
ric stretching mode. The two peaks are readily distin-
guished in the PILD spectrum because the full width

FIG. 2 The IR spectra for isotope molecules of HCHO for
300 K. Purple dotted lines represent exact frequencies.

TABLE II Peak positions of isotope molecules of the HCHO
molecule at 300 K. PES and exact results from Ref.[37] (unit:
cm−1).

Molecule PILD Exact NMA

HCDO 1041 1030.0 1047.8

1069 1058.1 1080.4

1402 1399.7 1434.0

1734 1726.0 1754.2

2116 2127.1 2182.1

2835 2842.8 2964.7

DCDO 931 939.7 955.7

987 990.3 1005.2

1106 1105.7 1127.6

1709 1702.6 1729.5

2068 2063.3 2133.4

2160 2157.8 2237.7

at half maximum (FWHM) of the PILD peak is about
10−15 cm−1. The peak positions of PILD spectrum
are relatively insensitive to the temperature—no more
than 5 cm−1 difference between the results for 300 K
and for 100 K. This is in good agreement with the fact
that exact vibrational frequencies of an isolated small
molecule are independent of the temperature change.

FIG. 2 and Table II then demonstrate the spectra
and peak positions of the isotope molecules (HCDO and
DCDO) for 300 K. All peaks are effectively sharp and
their positions agree well with the exact values (the dif-
ference is no more than 11 cm−1). When the hydrogen
atoms are substituted with the deuterium atoms in the
formaldehyde molecule, the peak positions in HCDO
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TABLE III Corresponding peak position red-shifts of the
isotope molecules to the HCHO molecule at 300 K. Calcu-
lated based on Table I and Table II (unit: cm−1).

Molecule PILD Exact NMA

HCDO 112 135.7 144.4

176 189.8 194.5

102 104.6 109.2

22 23.0 26.6

713 688.5 780.5

DCDO 222 226.0 236.5

258 257.6 269.7

398 398.6 415.6

47 46.4 51.3

737 725.9 795.8

693 684.2 758.2

and in DCDO are red-shifted from the correspond-
ing ones in HCHO. The red-shift data are shown in
Table III. For instance, the red shifts for O−H stretch-
ing motions for the exact vibrational frequencies are
689 cm−1 in HCDO, and 725.9 cm−1, 684.2 cm−1 in
DCDO, respectively. By comparison, the red shifts for
the PILD results are 713 cm−1 in HCDO, and 737 cm−1,
693 cm−1 in DCDO. The differences between PILD and
exact red shifts are small, no more than 24 cm−1. As a
contrast, the NMA red shifts are 780.5 cm−1 in HCDO,
and 795.8 cm−1, 758.2 cm−1 in DCDO, respectively.
That is, NMA considerably overestimates the red shift,
of which the deviation from the exact value is always
greater than 70 cm−1. Comparison of the PILD peak
positions of HCHO, HCDO, and DCDO to the exact
vibrational frequencies in Table II indicates that PILD
robustly captures isotope effects for this system.

B. Hydrogen peroxide

FIG. 3 shows the IR spectra obtained by PILD at
T=300 K and T=100 K and Table IV lists the peak
positions in comparison to exact and NMA results. In
addition, experimental values are listed. Both PILD
and NMA yield reasonable results that are close to exact
vibrational frequencies in the low-frequency region. In
the high-frequency region, PILD is much superior to
NMA. While the error of the PILD peak position for
the highest frequency is no more than ∼25 cm−1 at
300 K and ∼11 cm−1 at 100 K, that of the NMA result
is as great as ∼187 cm−1. Any PILD peak position
for 100 K is no more than 16 cm−1 different from that
for 300 K, which demonstrates that PILD is reasonably
stable as the temperature changes.

FIG. 4 and Table V demonstrate the results of the iso-
tope molecules of H2O2 (HDO2, D2O2, and H2

18O2).
All PILD peak positions show reasonable agreement
with the exact results for these isotope molecules. The
peak of the O−O stretching mode (the second funda-

FIG. 3 The IR spectra for H2O2 at both 300 K and 100 K.
Purple dotted lines represent exact frequencies.

TABLE IV Peak positions of the H2O2 molecule at differ-
ent temperatures. PES and exact results from Refs.[38, 45]
(unit: cm−1). Tunneling splitting values for the PES are
available in Ref.[45]. NMA captures no tunneling splitting
effects. Experimental results are listed for comparison.

PILD Exacta Experimentala NMAa

100 K 300 K

273/396 284/380 251.3/371.6 243.2/370.9b 381.9

1293 1296 1267.8/1277.2 1264.6/1273.7c 1329.8

1388 1391 1387.0/1402.4 1384.5/1398.3d 1437.2

3621 3607 3614.4/3631.4 3598.4/3618.0e 3807.7

3625.1/3622.2 3610.7/3607.4f 3809.2
a The intensity of the O−O stretching mode (the second
fundamental, 864.5/884.9 cm−1 in exact results of Ref.[45])
is extremely weak in the IR spectrum of H2O2 as discussed
in Refs.[25, 26], so its peak position is not listed in this
table.
b Refs.[26, 27].
c Refs.[28−30].
d Refs.[28, 29].
e Ref.[31].
f Refs.[31, 32].

mental, 864.5/884.9 cm−1 for H2O2, 825.7 cm−1 for
H2

18O2, or 877.4 cm−1 for D2O2) is extremely weak
in the infrared spectrum of H2O2, H2

18O2, or D2O2

(Refs.[21, 25, 26]. Since HDO2 breaks the symmetry
of H2O2, one more distinct peak appears around 880
cm−1, as well as the two O−H/O−D bond stretching
peaks become noticeably distinguishable. The isotopic
substitution yields a significant red shift from the O−H
stretching peak to the O−D one. Table VI lists the
red-shift values of the peak positions of D2O2 in com-
parison to H2O2. PILD faithfully describes the red shift
with an error no larger than 27 cm−1, while the differ-
ence between the NMA red shift and the exact value
can be as large as 89 cm−1. The characteristic features
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FIG. 4 The IR spectra for isotope molecules of H2O2 for
300 K. Purple dotted lines represent exact frequencies.

in the spectrum of D2O2 are similar to those in the
spectrum of H2O2. When the hydrogen atoms are re-
placed by the heavier deuterium atoms, the symmetry
and asymmetry stretching modes (with highest frequen-
cies) are considerably red-shifted from those of H2O2.
The deviations of the PILD results from the exact red
shift values are smaller than 3 cm−1, and in contrast,
the error of the red shift caused by NMA is larger than
84 cm−1. Isotope effects of the substitution for the oxy-
gen element are less significant for the high-frequency
stretching vibrational modes.

It is worth pointing out that PILD fails to cap-
ture true long-time quantum coherence effects [9] in
the correlation function, so it is not able to faith-
fully describe the tunneling splitting when its value is
smaller than 25 cm−1. PILD semi-quantitatively cap-
tures the tunneling splitting of the torsion motion (dur-
ing 200−400 cm−1) in the spectrum, which is relatively
large and ranges from 39.3 to 120.3 cm−1 for the PES
as shown in Tables IV and V. But PILD is not able
to semi-quantitatively depict the tunneling splitting of
any other fundamental as shown in Table IV. Neither is
PILD capable of describing the difference between the
exact vibrational frequencies around 3614−3632 cm−1

for H2O2 or those around 2676 cm−1 for D2O2 corre-

TABLE V Peak positions of isotope molecules of the H2O2

molecule at 300 K. PES and exact results from Refs.[38,
45] (unit: cm−1). The tunneling splitting value is available
only for the first fundamental of H2

18O2, HDO2, or D2O2

in Ref.[45]. NMA captures no tunneling splitting effects.

Peak positions/cm−1

Isotope PILDa Exacta NMAa

H2
18O2 286/380 250.8/369.7 380.3

1291 1262.5 1322.7

1374 1391.5 1431.1

3593 3611.0 3795.0

3613.5 3796.1

HDO2 276/342 234.2/313.9 334.7

882 876.5 909.6

976 982.3 1014.1

1360 1349.5 1388.0

2680 2675.2 2774.9

3604 3622.9 3808.4

D2O2 240/273 214.9/254.2 279.4

940 948.2 983.8

1040 1027.6 1052.7

2658 2675.6 2772.5

2676.3 2777.1
a The intensity of the O−O stretching mode (the second
fundamental, 825.7 cm−1 for H2

18O2, or 877.4 cm−1 for
D2O2 in exact results [45]) is extremely weak in the IR
spectrum of H2

18O2 or D2O2, as discussed in Ref.[25]. So
its peak position is not listed for H2

18O2 or D2O2. By
contrast, since the symmetry is broken in HDO2, the
intensity of the O−O stretching mode is noticeable and its
peak position is shown.

sponding to the symmetric and asymmetric O−H (or
O−D) stretching modes that are near-degenerate, e.g.,
the difference is less than 3 cm−1 for D2O2. This draw-
back of PILD can hardly be improved in the present
framework, because no unique definition of trajectory
in the phase space exists in quantum mechanics.

Finally, the overtone bands of the torsion mode ap-
pear in the region of about 500−800 cm−1 in the
PILD spectra. For example, the exact first overtone
776.2 cm−1 is reasonably accurately captured in the IR
spectra of H2O2 in FIG. 3. As the intensity is relatively
low, we do not explicitly discuss it in the paper.

V. CONCLUSION

As a trajectory-based approximate quantum dynam-
ics approach (in the Wigner phase space), PILD has
been demonstrated to be reasonably accurate for com-
puting vibrational spectra for small molecule systems.
The error of the PILD peak position is no more than
∼42 cm−1 for the low-frequency region (<500 cm−1),
and no more than ∼30 cm−1 for the relatively high
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TABLE VI Corresponding peak position red-shifts of the
D2O2 molecule from the H2O2 molecule at 300 K. Calcu-
lated based on Table IV and Table V (unit: cm−1). Except
for the first fundamental corresponding to the torsion mode,
the exact red-shift value is obtained by using the average of
the two tunneling splitting peak positions of the fundamen-
tal of the H2O2 molecule as the reference.

PILD Exact NMA Vibrational mode

44/107 36.4/117.4 102.5 1st fundamental

(D−O−O−D torsion)

356 324.3 346.0 3rd fundamental

(asymmetric O−O−D bend)

351 367.1 384.5 4th fundamental

(symmetric O−O−D bend)

949 946.6 1035.2 5th fundamental

(symmetric O−D stretch)

948.1 1032.1 6th fundamental

(asymmetric O−D stretch)

frequency regions (>500 cm−1) for all applications
to formaldehyde, hydrogen peroxide and their isotope
molecules. The FWHM of the PILD peak is relatively
small (no larger than ∼15 cm−1) such that the two
highest-frequency modes with only ∼50 cm−1 differ-
ence in the HCHO spectrum can be distinguished in
the PILD simulation. The PILD vibrational frequencies
for the two benchmark molecular systems are rather ro-
bust as the temperature changes. In summary, as long
as true quantum coherence effects are not important,
PILD performs well in studying the vibrational spec-
trum as a function of temperature and of isotopic sub-
stitution. In future work, it will be interesting to imple-
ment PILD for studying molecular vibrational spectra
in different environments such as at interfaces and in
solution.
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Appendix A. Normal Mode Analysis and
Mode Separation for Vibrational Analysis

In the standard normal-mode analysis, mass-
weighted Hessian matrix elements are given by

Hkl =
1

mkml

∂2V

∂xk∂xl
(31)

Where mk represents the mass of the k-th degree of
freedom with N the total number of degrees of freedom
(N=3Natom, Natom is the number of atoms). The mass-
weighted coordinate vector is defined as q=M1/2x.

The Hamiltonian around x can be expanded to the
2nd order as

H(x+∆x) ≈ 1

2
pTM−1p+ V (x) +

(
∂V

∂x

)T

∆x

+
1

2
∆xTH∆x (32)

The eigenvalues of the mass-weighted Hessian matrix
produce normal-mode frequencies {ωk}, i.e.,

TTHT = Λ (33)

with Λ a diagonal matrix with the elements λk=(ωk)
2

and T an orthogonal matrix. If bk is the k-th column
of the matrix T, then

X = TTM1/2x (34)

Rotational modes are not always easy to be distin-
guished from low-frequency vibrational modes (espe-
cially when imaginary frequencies are encountered) ac-
cording to the eigenvalues of {λk} from directly diag-
onalization of the mass-weighted Hessian matrix. We
adopt the vibrational analysis approach [61] to separate
low-frequency vibrational modes from rotational ones.

The essential idea is to construct a matrixD to block-
diagonalize the mass-weighted Hessian matrix accord-
ing to their modes. The three vectors (D1,D2,D3) of
length N corresponding to the translation of the center
of mass are simply

√
mi times the corresponding coor-

dinate axis. For example, for the water molecule (using
mH=1 and mO=16) the translational vectors are

D1 = (1, 0, 0, 4, 0, 0, 1, 0, 0)T

D2 = (0, 1, 0, 0, 4, 0, 0, 1, 0)T

D3 = (0, 0, 1, 0, 0, 4, 0, 0, 1)T
(35)

Generating vectors corresponding to the rotational
motion of the whole molecule is more complicated. The
moment of inertia tensor I is defined as

I =

Natom∑
i=1

mi

(
|ri|2 − ri · riT

)
(36)

where ri is the three-dimensional vector of the Cartesian
coordinates shifted from the center of mass, for the i-th
atom. Diagonalize the moment of inertia tensor I , and
use the eigenvectors to form a 3×3 matrix W, i.e.,

WT IW = Φ (37)

where Φ is a 3×3 diagonal matrix with its diagonal
elements being the eigenvalues of I.
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For the i-th atom and the α-th dimension, (Pα)i is
given by the dot product of ri and the α-th column of
W,

(Pα)i = ri ·Wα (38)

where α=x, y, z represents the three spatial dimensions.
The vectors for these rotational modes are then de-

fined as

D4α,i =
[
(Py)iWα,3 − (Pz)iWα,2

]√
mi

D5α,i = [(Pz)iWα,1 − (Px)iWα,3]
√
mi

D6α,i =
[
(Px)iWα,2 − (Py)iWα,1

]√
mi

(39)

where α = x, y, z; i=1, · · · , Natom.
A Schmidt orthogonalization procedure is used to

generate Nvib=N − 6 (or N − 5 for linear molecule) re-
maining vectors (in matrixD) for the vibrational modes
of the system, which are orthogonal to the five or six ro-
tational/translational vectors. Use the transformation
matrixD to obtain the internal coordinates S=Dq from
the mass weighted Cartesian coordinates q=M1/2x,
where the rotational and translational modes have been
separated out.

We then diagonalize submatrix
(
DTHD

)
vib

cor-
responding to the vibrational modes, which is a
Nvib×Nvib matrix. i.e., the eigenvalues {λk=(ωk)

2} for
vibrational modes are obtained from

LT
vib

(
DTHD

)
vib

Lvib = Λvib (40)

Appendix B. Evaluation of the Thermal Mass
Matrix

Following the appendix of Ref.[9], below we describe
the construction procedure of the thermal mass matrix
Mtherm defined in Eq.(9).

The quantum correction factor Q(u) with the local
Gaussian approximation (LGA) ansatz [3] for both real
and imaginary frequencies is as follows:
for real u (u=β~ω)

Q(u) =
u/2

tanh(u/2)
(41)

for imaginary u (u= iui)

Q(u) =
1

Q(ui)
=

tanh(ui/2)

ui/2
(42)

The frequency ω can be obtained using the stan-
dard normal mode analysis or the vibrational analysis
(Eqs.(35)−(40)) in Appendix A.

Consider the equilibrium configuration x0 of the
molecule. b0k is the k-th column of the orthogonal ma-
trix T0 for diagonalizing its Hessian matrix H(x0). It
is natural to use x0 as the reference configuration. That
is, project the vector {bj(x)} onto the vector {b0k(x0)}
to define the average quantum correction factor matrix
⟨Q⟩ as

⟨Qk⟩ =

⟨∑
j

∣∣bT
j (x) · b0k(x0)

∣∣2Qj(x)

⟩
(43)

The bracket represents the canonical ensemble average
over x. The thermal mass matrix then becomes

Mtherm = M1/2T0 ⟨Q⟩TT
0 M

1/2 (44)

which is independent of the position x. It is necessary to
align the molecular configuration x and the equilibrium

one x0 before evaluating the term
∣∣bT

j (x) · b0k(x0)
∣∣2 for

the average quantum correction factor matrix ⟨Q⟩. The
Kabsch algorithm is employed as suggested in Ref.[9].

As discussed in Eqs.(43) and (44), the thermal
mass matrix depends on the evaluation of Qj(x) and∣∣bT

j (x) · b0k(x0)
∣∣2. The standard normal mode analysis

and the vibrational analysis procedure (Eqs.(33)−(38))
yield nearly the same values of Qj(x) for HCHO and
its isotope molecules, because the vibrational modes
are well separated from the rotational ones. In the pa-
per, the standard normal mode analysis is used for the
formaldehyde system.

In the H2O2 molecule the torsional vibrational mode
is entangled with the rotational modes, which are diffi-
cult to be distinguished by direct diagonalization of the
mass-weighted Hessian matrix, i.e., the standard nor-
mal mode analysis. The vibrational analysis approach is
then used to separate vibrational and rotational modes
in the diagonalization of the mass-weighted Hessian ma-
trix, though the separation is still not complete as it
only works perfectly at the equilibrium configuration.
In the evaluation of the thermal mass matrix for the
hydrogen peroxide system, we use vibrational analysis
to calculate frequencies lower than 1200 cm−1 and nor-
mal mode analysis for the others.

The potential of the H2O2 molecule in the torsional
dimension has a double well. That is, two equilibrium
configurations with different H−O−O−H dihedral an-
gles exist in the system. Both are used as the reference
configurations in evaluation of the thermal mass ma-
trix. When we use PIMD to sample the configuration,
each sample is aligned to the two reference configura-
tions, and we select the reference configuration that is
more similar to the aligned sample (i.e., the one with
the lower RMSD) for estimating the quantum correc-
tion factor. Since the low-frequency vibrational modes
are not easy to be completely separated from the rota-

tional modes, the overlapped element
∣∣bT

j (x) · b0k(x0)
∣∣2

is renormalized for the vibrational modes in order to
cancel the error due to the coupling between the rota-
tional modes and the vibrational ones.
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