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Generalized Fourth-Order

The imaginary time path integral formalism of- ]_‘IA 24 Order
fers a powerful numerical tool for simulating ther-
modynamic properties of realistic systems. We Similarity
show that, when second-order and fourth-order Transformation
decompositions are employed, they share a re-
markable unified analytic form for the partition IEIA 4"-order
function of the harmonic oscillator. We are then
able to obtain the expression of the thermodynamic property and the leading error terms
as well. In order to obtain reasonably optimal values of the free parameters in the gener-
alized symmetric fourth-order decomposition scheme, we eliminate the leading error terms
to achieve the accuracy of desired order for the thermodynamic property of the harmonic

system. Such a strategy leads to an efficient fourth-order decomposition that produces third-

order accurate thermodynamic properties for general systems.
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I. INTRODUCTION

Feynman’s imaginary time path integral formulation
has offered a powerful tool for computing quantum
thermodynamic properties of physical systems [1, 2].
Adopting the isomorphism between the quantum parti-
tion function and the classical one of an enlarged system
that consists of copies (also denoted beads) of the orig-
inal one [3], scientists have made significant progress
in developing efficient numerical algorithms of imagi-
nary time path integral (PI) via Monte Carlo (MC) or
molecular dynamics (MD) [4—10]. PIMC and PIMD
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have been widely used for realistic molecular systems
from superfluid helium below 2.2 K to liquid water un-
der ambient conditions.

Denote P the number of copies (beads) in the iso-
morphic classic system. Exact results are, in principle,
achieved in the limit P—o00. The feasibility of numeri-
cal simulations of imaginary time path integral is then
limited by the large value of P required for converged,
reliable results. It becomes severe at low temperatures
or when the interaction is strong. In comparison with
the second-order (~ 1/P?) Trotter decomposition [11]
prevailingly used, fourth-order (~ 1/ P4) decomposition
schemes considerably decrease the number of copies
(beads) for obtaining converged results and lead to po-
tentially more efficient approaches [5, 12—22]. Because
the fourth-order decomposition scheme often involves
adjustable parameters, it is important to know the op-
timal values of these parameters for practical purposes.
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The harmonic oscillator, a paradigmatic system where
the analytical analysis is often available [2, 8, 9, 23],
provides useful insight for choosing the optimal value
of the free parameter as well as designing numerical al-
gorithms [24, 25].

In the work, we use the generalized fourth-order de-
composition scheme with the finite value of P to derive
the expression of the partition function for the harmonic
oscillator, and then show how to determine the opti-
mal values for the free parameters. In Section II, we
first give a brief review on previous works on fourth-
order decompositions [13, 15, 17, 26], and then pro-
pose a generalized scheme, which in particular leads to
more efficient fourth-order decompositions in light of
rational design. We then derive in Section III a uni-
fied analytic form for the partition function of the har-
monic oscillator, resorting to various second-order or
fourth-order decompositions. The form of the partition
function yields the analytical result of any thermody-
namic properties with the finite number of copies in-
volved in the isomorphic classical system. In Section
IV, we first expand the analytical result of the ther-
modynamic property into a power series of 1/P, and
then obtain the optimal parameters by eliminating the
leading error terms. Section V presents the comparison
among different factorized decompositions for the nu-
merical performance. Conclusion remarks and outlook
follow in Section VI.

Il. DECOMPOSITIONS FOR IMAGINARY TIME PATH
INTEGRAL

Consider the partition function of a system described
by the Hamiltonian,

- N |
H=T+V=3p"M 'p+V (%) (1)
where M is the diagonal “mass matrix” with elements
{m;}, and p and % are the momentum and position
operators. The partition function of the canonical en-
semble in quantum mechanics is

Z="Tr (e_5ﬁ> (2)

where =1/kpT with kp being the Boltzmann constant
and T being the temperature.

Substituting a series of the resolution of identity op-

erators, I:/ dx; |x;) (x;|, into the configuration repre-
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sentation of Eq.(2), we obtain
P A
2= [axiaxe Lol M xn) @)
j=1

where e=3/P. Because the potential energy operator
(V) and the kinetic energy operator (T) do not com-
mute with each other, one has to use approximations to
decouple them in e~¢H for numerical implementation.
The simplest approximation is the Trotter decomposi-
tion [11],

o=V /2g—eT o=cV/2 _ e—eH+O(s3) (4)
which is prevailingly used in imaginary time path inte-
gral simulations. The decomposition defined in Eq.(4)
is of second-order accuracy, i.e., the error is of third-
order and it often leads to a partition function of the
first-order accuracy (i.e., with the second-order error,
0] (1 / Pg)), for general systems. This simple and user-
friendly algorithm, however, often suffers from a slow
numerical convergence with respect to P, the number of
copies. For example, when the second-order Trotter de-
composition is used, at least 48 copies (beads) in the iso-
morphic classic system have to be employed for obtain-
ing converged results for liquid water at room tempera-
ture [8, 9, 27]. It is then expected that higher-order de-
compositions will accelerate the convergence rate. Be-
low we introduce a generalized symmetric fourth-order
decomposition scheme that is practically useful for gen-
eral molecular systems.

A. Generalized symmetric fourth-order decompositions

Chin proposed that careful construction of the
second-order decomposition can yield a third-order ac-
curate partition function [15, 17, 28]. Consider the fac-
torized symmetric second-order (52) decomposition,

H exp (fstﬂq) exp {fsvif/} = exp {*8.[:[14} (5)
i=0
where the approximate Hamiltonian is
ﬁA = I:I — eTVT52 |:T, [V,T:H

—eyrye? {V, ,\A/H + 0 (%) (6)

(©2022 Chinese Physical Society



518 Chin. J. Chem. Phys., Vol. 35, No. 3

In Eq.(5) the free parameters satisfy

n
S ti=1
=0

n (7)
Z v; = 1
i=0

and the relations between {t;, v;} and the coefficients
of the errors {eryr, eyry} are

n

eTVT:Zti Z thUk‘F%ZtiQZUk_é (8)
=0 k=i

i=0 j=i+1 k=j

BVTV:ZtiZ’Uj Z ’Uk—f—%ztizvj?—é (9)
=0 =0 j=i

=0 j=i  k=j+1

Since the decomposition in Eq.(5) is symmetric, for
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with
to =0
ti =th_it1, (&S {1723 777’} (10)
Vi = Un—i, Ze{o7la7n}

and the other (n+ 1) TnV with

ti:tn—ia i€{0,1,~~~,n}
v, =0 (11)
Vi = Un—i-1, 26{07137’”_1}

Because of the invariance of the trace of a finite ma-
trix under the similarity transformation [15], the parti-
tion function reads

the elimination of the odd-order errors in the approx- Z =Tr {(QEHA)P} =Tr {(escesHAescj P}
imate Hamiltonian of Eq.(6), the number of splitting . P
terms is reduced from 2n+42 to 2n+1. Using the free- = Tr [(GXP (EHA>) } (12)
dom of parameters {t;, v;}, we suggest the following
two decomposition schemes, one defined asnT (n + 1)V~ where
J
2 N A A €2 T A [ = ed .
Ha=cOHae 0 = Ha+e |C.Ha| + 5 [C[CHa|| + 57 €0 ]C € 4] || + 06" (13)

is the corrected approximate Hamiltonian, and Cis a
corrector whose explicit form is unnecessary in numeri-
cal simulations. With these results, Chin observed that

eryr +eyry =0 (14)

is required so that the symmetric second-order de-
composition scheme of Eq.(5) leads to a third-order
(1/P3) accurate partition function (that is, with the
fourth-order error, O (1/P*)).
never satisfied when factors {t;, v;} are non-negative

Eq.(14) is, however,

[15, 17, 29], which is a generalized conclusion of Suzuki’s
and Sheng’s previous works [26, 30].

Moreover, because the evaluation of [T, [V,TH in-
volves higher-order derivatives of the potential beyond

J

the Hessian and is not practically useful, Suzuki [12]
and Chin [13] suggested that the term [V, [T, V“
should be included in the decomposition for achieving
the third-order accurate partition function with non-
negative {t;, v;}. Note that [V, [T, V” can straight-

forwardly be evaluated as [5, 13]
V. |1 V]] = R (MR (%) (15)
where F(%)=VV (%).

More recently we have proposed a generalized
symmetric factorized fourth-order decomposition that
yields the third-order accurate partition function. Such
a decomposition reads

ﬁ exp (—stif’) exp {—wif/ — &3¢ (evry + ervr) {V, [T, V“ } = exp {—5]?24} (16)
i=0
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Hy=H-epyre? (|1, [V, 7]]-[V, [7,V]])+0 (=)
(17)

is the approximate Hamiltonian, the set of parameters
{c;} satisfy

=1 (18)

and {t;, v;} are nonnegative, satisfying Eq.(7), while
We then
have a generalized symmetric nT (n+ 1)V decompo-

{ervr, evrv} are defined in Eqgs.(8)—(9).
sition, where
Ci = Cn—i (19)

and {t;, v;} are set according to Eq.(10), and a gener-
alized symmetric (n + 1) TnV decomposition, where

Cp = 0, Ci =Cnp—i—1 (20)
and {t;, v;} are set according to Eq.(11). In the original
fourth-order decomposition formulations of Refs.[17, 28]
and applied to PIMC in Refs.[25, 31, 32], epyr=0. In
contrast, no constraints for {eryr, eyry} in Eq.(16)
are required, leaving more freedom for the optimization
of the involved free parameters.
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To show that Eq.(16) is indeed an effective fourth-
order symmetric decomposition, we need to refer to
Egs.(12) and (13). Now, we apply the similarity trans-
formation with the corrector

C'=eervr {ﬁﬂ (21)
and obtain

IEI’A = H - eryre® ({ﬁ [vaA” - {V’ {T’ V”)
+e%eryr HT, } ,H} +0(e")
i O(e%) (22)

<

As a consequence, the symmetric decomposition of
Eq.(16) is effectively fourth-order accurate, with which
the corresponding partition function is of third-order
accuracy (1/P?).

B. Unified expression of the partition function of
symmetric second-order and fourth-order decompositions

With the symmetric second-order decomposition of
Eq.(5) and the generalized symmetric fourth-order de-
composition of Eq.(16), the corresponding partition
function with nP beads can be expressed in a unified
form as

3 B 1 \"NP/2 [ n —NP/2 y
X1=XpP+1=X / nP/2 —cH,
7, p T /dxl/dX2---/dan(W> (Ht) |M | 2emetnr (23)

where the effective potential reads

nP

i=1

X1=Xn =x 1 1 nF i
H,p 'L > (X1 — xi) M (xi01 — xi) + Y viV (x;) + ke?h? Y GFT (xi) MT'F (x;)  (24)
i=1 ¢ i=1

2e2h? —

The effective potential of the generalized symmet-
ric nT (n+ 1)V scheme with parameters satisfying
Eqgs.(10) and (19), can be recast to Eq.(24) with

t; =1 mod (i—1,n)+1"
o = J Umod (in) mod(i,n) # 0

) 2@0 = 21)7747 HlOd(i7 n) =0 (25)
o — ) Cmod (in); mod (i,n) # 0

i 2¢9 = 2¢,,, mod(i,n) =0
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i=1

and epyr+eyry=k. Similarly, the effective potential
of the generalized symmetric (n + 1) TnV scheme with
parameters satisfying Eqs.(11) and (20), can be recast
into Eq.(24) with

- t mod (i,n)
1T 2t = 21,

A
V; = VU mod (i,n)

mod (i,n) # 0

mod (i,m) =0 (26)

C; = Cmod (i,n)
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Trotter

—&T/2

<
o

exp {—gl;:/ 3}

cxp{—m? 13- [V[TV:” / 72}

exp{-2u,/'} expl-a1-20)7 =212y =60, 1] V[ 7.7]] 24] expf-e(1-4)7 12}

2T3V

'g””';w -

e
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el =
|

exp{_;v_gs[ci,[r'y]]m}
2T1V

~&(1-21,)7/2
e e0-20)

exp{_gV /[621 _2,")?}} exp{—e(! -1 /[3(1 - 21‘:)’1)17 -x'g‘[V,[f,VJ]}

! !
expl-onl e [7[ 7.7 ]]f

4T3V

FIG. 1 A schematic representation of Totter decomposition [11], generalized decomposition [1], decomposition [12, 13], and
its generalization, as well as decomposition [35] and its generalization when six copies (beads) are used.

and eryr+eyry=k. Egs.(25) and (26) indicate

t =t .

U‘jl,:q-j/—_i_nl 16{0,1,2,~~~,P—1}7 (27)
/j /J+n je {1,2,"',71}

€ = Ci4ni

Note that when the second-order decomposition scheme
of Eq.(5) is used, k=0 in Eq.(24).

A schematic representation of decomposition schemes
is presented in FIG. 1.

11l. QUANTUM PARTITION FUNCTION OF THE
HARMONIC OSCILLATOR

In numerical implementations of Eq.(16), the values
of its adjustable parameters {¢;, v;, ¢;} should be given.
Unfortunately, no straightforward and exact procedures
are available to determine them for general systems. We
thus examine the harmonic oscillator (HO) and acquire
the optimal values of these parameters and hope that
they work reasonably well for other systems.

For the HO system with potential

T1=T =x P2 oF 1 o v/ u2

1=TnP41= ;

Hyp (x) S L e T R E <2Z + HC/') $i2]
i=1

2u? t

i=1 ¢

=mw? (xTA (n, P)x)

Viz) = (28)

the exact partition function is known to be

1
~ 2sinh(u/2)
Here and throughout the paper the unitless parameter

Z1o (29)

u = Bhw (30)

is used. With the partition function we readily obtain
the internal energy,

0 hw n
Fiio = — 550 Zno = =5 coth (5) (31)

and other thermodynamic properties [2, 23, 33].

As we apply the expression of the partition function
for the decomposition scheme with finite P, Eq.(23)
to HO, the corresponding effective potential defined by
Eq.(24), becomes

p2i (32)

where x=[21,xq, - T, p]T is the nP-dimensional coordinate vector, and A (n, P) is the nP-dimensional coefficient
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matrix
[ Dl 7d1 7an |
—dy Dy —d
—dy Ds
A (n, P)= R (33)
- . _dnpfl
*an *an—l DnP
with elements
d; = P2/ (2u2t;) , do=dnp, D; =d;_1 +d; + ’U;/Z + HUZCQ/PQ (34)

Therefore, the quantum partition function of the system described by the Hamiltonian Eq.(23) becomes a multidi-
mensional Gaussian integral,

—1/2
= [ ox{) " (H’f ) exp [ (<A (1, P) )] )

Inspired by Ref.[34], we recast Eq.(35) into

1/2

np/2 (M2
Znp = /dx/dx’(QWn;m) / (H t;) exp { —emw?D12?} exp {—emw? (xTA (n, P)x’' + x'"B) }
i1

-1/2 1/2 (36)

nP/2 anP-1 emw? ~
= d t; —emw? Dy _ S BT(A (n, P))'B
/ (2716712> (H ) (Emwz)”P*IA (n, P) exp { emw-Lhx }exp { 1 [A (n, P)]
where x'=[x9,z3, - - xnp]T is an (nP — 1)-dimensional vector,
B= —2.’17[d170,07--- 707an]T (37)

is another (nP — 1)-dimensional vector with only two non-zero elements, and A (n, P) is an (nP — 1)-dimensional
symmetric tridiagonal matrix,

Dy —ds
—dy D3 —ds
—ds Dy

A (n, P)

Il
—
w
0]
~—

_an—l

—dnp-1  Dnp
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which is the submatrix of matrix A (n, P) of Eq.(33)
with the first row and column deleted, correspond-
ing to the (1,1) minor the matrix A (n,P). By

J
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using Eq.(27), we express A(n,P) in terms of
{d;, D;; i=1,2,--- ,n} such that Eq.(38) becomes

Dy —ds
—dy D
A(n,1) = 2 (39)
. _dnfl
*dnfl Dn
when P=1,
"Dy —dy -
—dy D3
: _dn—l
_dnfl _dn
A (n,2) = 40
(n,2) e (40)
—dy Do
. _dn—l
L _dnfl Dn
when P=2,
"Dy —d -
—ds Dg
. _dn—l
_dnfl Dn _dn
—d, D1 —d
—dy D
A(n,3) = b (41)
. _dn—l
_dn—l Dn _dn
—d, D1 —d;
—d1 Do
. _dn—l
L _dn—l Dn
when P=3, and so forth. Its determinant, of which the derivation is demonstrated in Appendix A.

A (n, P)=|A (n, P)|, is evaluated as

n P-1 .
A(n,P) = <Hdi> sinh (Pa) 4y (49)

sinh «

DOI:10.1063/1674-0068/cjcp2205089

In Eq.(42) the value of « is determined by the equality,

A(n,1)

(I, )

cosha = +1 (43)
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TABLE I The corresponding value of « of several representative decompositions defined in Eq.(43), which is used in the

unified form of the partition function Z,p=[2sinh (Pa/2)] " .

Factorized decompositions

Corresponding «

Trotter [11] crpyo—arc cosh (1 R uZpP—2

3-term (g2T'1V*) arr=arccosh | 1+ u2]2372 + u4§14)

5-term (2T3VP, 3T2V [13, 35], 273V, g3T2V') as—arc cosh (W

T-term (3T4V/[35], 4T3V [13, 35], g4T3V*) a = arc cosh <D 1D2Ds = D32dd112d;dfld22 - D2d32)

* See Ref.[5]. g2T1V decomposition is equivalent to g2V 1T in the evaluation of thermodynamic properties, demonstrated
in Ref.[15]. g stands for the generalized fourth-order decomposition, which leads to the third-order partition function.

" Also denoted the Suzuki-Chin decomposition in the literature. See Refs.[12, 13].

¢ The g4T'3V decomposition is equivalent to g4V 3T in the evaluation of thermodynamic properties.

with A (n,1) being the determinant of A (n,P) in
Eq.(33) at P=1. The definition of o depends on the de-
composition of choice, and its explicit forms correspond-
ing to several representative decompositions are sum-
marized in Table I and will be discussed in Section IV.

Since vector B of Eq.(36) defined in Eq.(37) includes
but two non-zero elements, only the (1, 1), (1, nP-1),
(nP—1, 1), and (nP—1, nP—1) elements of the inverse
of matrix A (n,P) are involved in the final output of
the multidimensional Gaussian integral [34] in Eq.(36),
which are related to the (1, 1), (1,nP-1), (nP-1, 1),
and (nP—1, nP—1) cofactors of matrix A (n,P), re-
spectively. The results of the four cofactors are pre-
sented in Appendix B.

Substituting the determinant of A (n, P) of Eq.(42)
as well as the four cofactors into Eqgs.(B1)—(B2) of Ap-
pendix B, i.e., an equivalent expression of Eq.(36), we
finally achieve

1

Inp = —————
"P 7 2sinh (Pa/2)

(44)
It is remarkable that for the harmonic oscillator, the
quantum partition function with all the different de-
composition schemes assumes such a simple expression,
which provides a convenient means to optimize the free
parameters for the decomposition schemes.

The analytic expression of the partition function al-
lows us, through elementary mathematical manipula-
tions, to obtain all thermodynamic quantities for the
harmonic oscillator. For instance, the internal energy is

B__ 1 9Z,p _ Pcoth(Pa/2)da

Z,p 0P 2 op

(45)

DOI:10.1063/1674-0068/cjcp2205089

the (Helmholtz) free energy is

A= —% InZ,p = % In [sinh (Pa/2)) (46)

and the heat capacity reads

32
524, 147)

5 p? da\? p
= k0 4sinh?(Pa/2) (8ﬁ> 72tanh(Pa/2)8752

IV. PARAMETER OPTIMIZATION

Our aim is to achieve an efficient factorization scheme
for general systems. We can expand the analytic par-
tition function of the harmonic oscillator into a power
series of 1/P, so that we may optimize the free param-
eters by requiring vanishing errors to the desired order.
It is straightforward to carry out the similar error anal-
ysis for any thermodynamic properties, as their analytic
forms (e.g., Eqs.(45)—(47)) for the harmonic oscillator
are available. The conclusion should be the same be-
cause all thermodynamic properties are functionals of
the partition function.

We take the 7-term decomposition, with the num-
ber of copies (beads) being 3P, as an example.
Substitution of

A(3,1) = DyDyDs — Dsdy? — Dydy?
—Dyds? — 2dydyds (48)

into Eq.(43) yields

(©2022 Chinese Physical Society
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D1DyD3 — Dsdy” — Dydy” — Dods®
a7 = arc COSh( 172 32d11d2d3 1= s > (49)
To be specific, when using the generalized 473V decomposition
—etoT . L —wi o _ 3y [+ v —e(1—2t0)T/2 . o1 3y [+ v
e exp | —€— V —core® |V, |T,V e expq —ev1V — (1 = 2¢o)ke® |V, |T,V
. 1— . R o .
xe=e(1=2t0)T/2 6y {—5 Uiy _ coke® [V, [T, V“ } e st
2
3
DU B P EPRCEIDPr S A o A1 o [0 5
—exp{ et + £ (12 30) (- 20 + atg? — o] ([1. [7.7]] - [7.[£.7]]) + 09} (50)
where 0<v1<1, 0<tp<1/2, 0< ¢g<1/2, and the parameters of Eq.(49) are
P2 P2
TR T a2 P  dtou?” , (51)
v u 1—w u
D1:2d1+51+(1*260)1€ﬁ, D2:D3:d1+d3+ 4 1+00Hﬁ
and
1
= [(1%02 —1) (1= v1) + (2= 6tg) (1 —vy)® + vlﬂ (52)

By virtue of the relation in Eq.(45), the internal energy of the generalized 473V decomposition is obtained, whose
series expansion of 1/P is

Tuww u hwu* (u — 5sinh (u)) 1
E = —coth (5 v 56
g4T3V = —5 cob (2) T Sr60Pisn2 (w2) o (P6) 3)

where U, the coefficient of the fourth-order (1/P*) error, is

U =T720t0" (v1 — 1) (v1 — 2¢o — 1) — 360t0° (v1 — 1) (6¢o + 1)
—60t” [2 + v1” (9 — 5dcg) — 20¢ +3a® (4co — 1) + vy (60co — 8)]
+90to (v1 — 1) [—3 +v1 (9 — 30c) + 10co + 6v1% (4co — 1)]
—45v,® (deg — 1) + 90v1% (3¢p — 1) — 30v; (5cp — 2) + 30co — 13 (54)

The free energy, obtained via the thermodynamic relation in Eq.(46), can be expanded as

hw ) u hwu? coth (u/2) 1
Ag4T3V = ? In [2 sinh (5):| — W\Ij + 0 <P6> (55)

Because any thermodynamic property is a functional of the partition function, it is evident that the fourth-order
error is removed for all thermodynamic properties when we set W=0. That is, it is adequate to use the free energy
or internal energy to do the analysis. Consider the evaluation of [V, [T, V“ (i.e., Eq.(15)) and its derivative

aij [V [T, V” = j2 iﬁjl(i) . VZT:l(fc) B2 ZHN(X)T

=1

(56)

where Hj;(X) is the element of the Hessian matrix and F(X)=VV (X) is the force vector. Both Eq.(15) and Eq.(56)

DOI:10.1063/1674-0068 /cjcp2205089 (©2022 Chinese Physical Society
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are often numerically expensive in the fourth-order PIMD simulation of general molecular systems. Parameter ¢ is
set to zero in Eq.(50) for less computational cost. In order to remove the fourth-order error, we set ¥=0, yielding
an equation between the two parameters, v, and tg,

720t0* (v1 — 1)* — 360t%(v1 — 1)* — 6092 [2 — 8v1 + 9012 — 3u1°]
—90to(v1 — 1) (201 — 1) — 13 + 6001 — 90012 + 45013 = 0 (57)

According to the relation above, v; can be expressed as a function of ¢y, which is demonstrated in FIG. 2. If
Eq.(57) is satisfied, we require 0<tg<tmax to keep v positive, where

1/2
1/3
11 |4(9v2230 —425) ~1/3
bnax = § = 53 =7 —4(45v2330 - 2125) 425
/5 (9v/2230 - 425)""° v
1 ~1/3 (92230 — 425 25
s (45\/2230 - 2125) - =7 - 58)
+7 —1/2
1 13| 4(9v2230 — 425)"° 4
“r? 52/3 — 73 + 25
(45v/2230 — 2125)
~ 0.453031

We plot in FIG. 3 the internal energy of the harmonic oscillator as a function of ¢y with w=1 and f=8. FIG. 3
shows that there exists a specific value of ¢y that produces the closest result to the exact energy when the number
of beads is small, i.e., t(c=0.209114, with the corresponding v;.

When to=0 or 1/2, the generalized 4T3V decomposition of Eq.(50) is reduced to the generalized 273V decomposi-
tion of Eq.(D11) of Appendix D, or generalized 2T'1V decomposition of Eq.(C3) of Appendix C, respectively. When
v1=0, cg=1/2 or v1=1, ¢y=0, the generalized 473V decomposition becomes the generalized 372V decomposition
of Eq.(D10) of Appendix D, or generalized 27'1V decomposition of Eq.(C3) of Appendix C, respectively.

It is important to note that, the partition function corresponding to the generalized 473V decomposition of
Eq.(50) is the same as that corresponding to the generalized 374V decomposition. Actually, when n is odd, a
generalized symmetric (n+ 1)TnV decomposition, such as generalized 473V in Eq.(50) and the generalized 271V
in Eq.(C3) of Appendix C, can be transformed to a generalized symmetric nT(n + 1)V decomposition, in terms of
the similarity transformation with a corrector,

(n+1)/2 v
exp (—Sé) exp (—EtnT> H exp {—5vi‘7} exp (—5t,~T> exp {_<€1)(n_1)/2}

. 2
1=n—1
n—3)/2 ~
T e (et exp { e} | e (—etpnyo) exp  ~ 22V
= p (—¢etiT) exp §—ev;V ¢ | exp ( —et(n—1)/2T ) exp 5 (59)
i=0

The equivalence relation of the RHS of Eq.(59) is obtained with the relation of the coefficients {¢;, v;, ¢;} in Eq.(11)
and Eq.(20). It is straightforward to use Eq.(12) and Eq.(59) to show that the generalized symmetric (n + 1) TnV
decomposition and the generalized symmetric nT (n + 1) V' decomposition yield the same partition function when
n is odd. In comparison, such a relation, however, does not apply when n is even.

As a special case for the generalized 4T3V decomposition, where v;=1-1/ [3 (1- 2t0)2} is used to eliminate the
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third-order term of the RHS of Eq.(50), the original 473V decomposition of Ref.[35] reads

e_atofexp vy
{ 6(1 — 2t0)>

1
xexpg —€ [l = ————
3(1 — 2tp)

>
I
Q
o
=
o
w
La—
<
1
~»
<
1
——

e—a(l—Zto)T/2

V — (1 - 2¢0) ke [f/, [T v” } o—c(1=2t0)7/2

Xexp {—6(16%0)217 — coke® {V, [ , H } et

2 5
efeHjLO(E )

where

1121 2t0) o

72(1 — 2t)°

(61)

In Eq.(60), 0<tg<1/2—+/3/6 and 0 < co< 1/2 are the two parameters required for the evaluation of ay of Eq.(49)
as well as thermodynamic properties. The series expansion of the free energy is

Asrsv = % In [2 sinh (%)} —

where

hwu® coth (u/2)

8640(1 — 2t0)" P4

0 <Plﬁ> (62)

T = 11 — 18ty + 144t> — 552t> + 576t" + 10co (—1 + 18 — 108ts> + 168t> + 57610 — 1728t,° + 1152¢,°) (63)

When we set ¢g=0 in Eq.(63) and optimize the parameters by eliminating the leading error, the fourth-order error

is removed with

ol (20
7 96 15 + /285

—4[60 (15 + v285)] * + 2375 l—16 ( 150

~ (0.142326

Similarly, the optimization of the parameters included
in the 5-term decompositions (the generalized 273V
decomposition and that in the asymmetric generalized
372V decomposition) are interpreted in Appendix D.

V. COMPARISON AMONG DIFFERENT
DECOMPOSITION SCHEMES FOR PIMD

We compare the efficiency of the original 473V of
Ref.[35], our generalized symmetric 473V scheme, with
optimal factors obtained in Section IV, as well as
the generalized symmetric 273V scheme of Eq.(D3) in
Appendix D, for the PIMD calculation of thermody-
namic properties of the harmonic oscillator with w=1 at
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1/3 13 V2.3 g 450
) +8{60(15+\/ﬁ)] +145} v {8(

1/3
1/3

—— + 8 (60 (15 4+ /285 145

15—}—\/285) [ ( * )] *

1/3
96 482 15+ %)

~1/2 1/2

+ 145

(64)

B=8. The factor-fixed original 273V decomposition of
Eq.(D9) developed by Suzuki [12] and Chin [13], asym-
metric 372V decomposition of Eq.(D11) in Appendix
D, generalized 27'1V decomposition of Eq.(C3) of Ap-
pendix C (equivalent to the Takahashi-Imada decom-
position [5]), and conventional second-order Trotter de-
composition of Eq.(4) are also presented for the purpose
of comparison.

It is suggested in Ref.[19] that Eq.(56) can be effi-
ciently evaluated by finite differences along the force
vector in fourth-order PIMD,

a(j;j [‘7 [T ‘7] } :%%2—71]5[1@ (R +000)—F; (x—né0)] (65)
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FIG. 2 Relation in Eq.(57) of the parameters, v1 and to, in
the generalized 4T3V factorization for the elimination of the
fourth-order error in the series expansion of the free energy
or internal energy.
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FIG. 3 Relation between the value of the parameter ¢ and
the internal energy of the harmonic oscillator at w=1, f=8,
when P is fixed. Atom units (a.u.) are used.

where
wj = Fj(%)
1mj (66)
o T /A 1 N
0= —NPF (XM~ F(x)

and 7 is a reasonable small scalar number determining
the displacement along the force vector. The same idea
was earlier used in imaginary time path integral inves-
tigations of the heat capacity and equilibrium isotope
effects [36, 37] and also implemented in the linearized
semiclassical initial value representation (LSC-IVR) in

DOI:10.1063/1674-0068/cjcp2205089

Generalized Fourth-Order Decompositions of Imaginary Time Path Integral 527

Ref.[27]. When the trick of Eq.(65) is used, the direct
computation of the Hessian matrix of Eq.(56) is avoided
for general molecular systems. It is important to note
that two additional evaluations of the force vector are
involved each time when the finite difference approach
Eq.(65) is invoked. One should seriously consider such
additional effort for the comparison among different de-
composition schemes. Concretely, the 5-term decompo-
sitions (the generalized and original 273V, with pa-
rameter co=0, invoke the force vector evaluation 4 times
every 2 beads per step; and the 7-term decompositions
(the original decomposition and the generalized 473V
decomposition), invoke the force vector evaluation 5
times every 3 beads per step.

In FIG. 4, the results of the internal energy and
heat capacity of the harmonic oscillator, obtained by
different decomposition schemes, are compared with
the same number of times of the force vector evaluation
per step. FIG. 4(a) shows that the number of times
of the force vector evaluation required for achieving
the internal energy result of the same accuracy has the
ascending order for different decomposition schemes,
gAT3V=AT3V <g2T3V~g3T2V <2T3V <g2T1V <Tro-
tter. Here g stands for the generalized decomposition
where the similarity transformation is taken into
account. The fourth-order decompositions (g473V,
4T3V, ¢g2T3V, and ¢g3T2V) with their optimal factors
perform better than the factor-fixed 27’3V and general-
ized 271V decomposition, because the thermodynamic
properties obtained with the former four decomposi-
tions are of fifth-order accuracy while the latter two
ones are only third-order accurate (for the harmonic
oscillator). The 7-term decompositions, including the
original and generalized 473V decompositions, with
parameter co=0, are more efficient than the 5-term ones
(92T3V and ¢3T2V), because less extra calculation
effort is introduced by the finite difference approach
Eq.(65) when the same number of beads is used.

FIG. 4(b) presents the numerical performance of
different decomposition schemes for studying the heat
capacity due to the change of the number of times of
the force vector evaluation per step. The evaluation
of the heat capacity requires more beads (more times
of the force vector evaluation) to achieve converged
results. The ascending order of computational effort
for achieving the same accuracy for the heat capacity is
gdT3V <AT3V <g2T3V~g3T2V <2T3V <g2T1V <Tro-

tter. The optimization of the additional free parameter
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FIG. 4 Analytic results for the quantum harmonic oscillator at w=1, =8 with the same times of the force vector evaluation
per step. (a) The average internal energy. (b) The heat capacity. “Tro” stands for the Trotter decomposition. g stands for
the generalized fourth-order decomposition. Atom units (a.u.) are used.
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FIG. 5 Same as in FIG. 4, but with the same number of beads. (a) The average internal energy. (b) The heat capacity.

in g4T3V leads to better performance over the original
4T3V decomposition [35]. FIG. 4 suggests that the
generalized symmetric 473V decomposition with the
optimal parameter t(;=0.209114 and its correspond-
ing vy is the most efficient scheme that should be
recommended for future applications.

In comparison to FIG. 4, FIG. 5 demonstrates the
same results as functions of the number of beads.
FIG. 5 indicates that it is inherently misleading to use
the number of beads to count the efficiency. The supe-
riority of the fourth-order decomposition over the tra-
ditional second-order Trotter decomposition is exagger-
ated when the additional effort of using Eq.(65) is not
considered.
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VI. CONCLUSION REMARKS

In the work we present a framework of symmetric de-
compositions for achieving the third-order (1/P?) ac-
curate partition function for general systems. Such gen-
eralized fourth-order (1 / P4) symmetric decomposition
schemes lead to thermodynamic properties of the third-
order (1 / P3) accuracy. In comparison with the con-
ventional fourth-order decomposition that includes the
same number of splitting terms for e~ BH/P , the gener-
alized decomposition has an additional free parameter
to be adjusted.

We first derive an analytic unified form of the har-
monic oscillator partition function (Eq.(44) with Table

(©2022 Chinese Physical Society
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I) for all the (generalized) decomposition schemes as a
function of (n, P). The form yields analytical results of
the free energy, internal energy, heat capacity, and other
thermodynamic properties. We then obtain the power
series expansion of (1/P) of the thermodynamic prop-
erties. By requiring eliminating error to the desired or-
der, we optimize the free parameters of the generalized
symmetric fourth-order decomposition scheme. While
the factor-fixed decompositions proposed in the liter-
ature lead to the third-order (1/P3) accurate thermo-
dynamic property, the generalized symmetric decom-
position (with 7 terms) with optimal factors is capa-
ble of producing the same thermodynamic property of
the fifth-order (1/P%) accuracy. We expect that the
general symmetric decomposition scheme will be practi-
cally useful for imaginary time path integral simulations
of realistic molecular systems.

Supplementary materials: Three sections are in-
cluded: proof of Eq.(A10) with mathematic induction,
evaluation of the determinant of A (n, P) from the re-
currence relation, evaluation of the four cofactors in

Eq.(B1).
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APPENDIX A: Evaluation of the determinant of matrix
A (n, P)

As demonstrated in FIG. 6 and FIG. 7, the evaluation
of A (n, P) requests

where G (n, P)=|G (n, P)| is the determinant of an
(nP)-dimensional symmetric tridiagonal matrix, which
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D, _dz
-d, D, .. A(n’l)
- oy,
_dn—Z Dn—| _dn—|
—d,, D, -d,
-d, D, —d,
“ b 4 G(n,P-1)
—d, c,
D, -d,
-d, D,
_dnuLlH
_dnu’-l)-l Dnrp-n
A(n,1)G(n,P-1)
D, —d,
s
.. o d.,
-, > Doy ’dn—l
-d,, D, -d,
—d, D, —d,
-d, D, -d,
- A(n,P—l)
. D, —d,
—d, D
- . _dnuun—l
_dnuul)—l Dnll'fl)

~T(n)d,*A(n,P-1)

FIG. 6 Both G(n,P —1) and A(n,P — 1) are employed
in the expansion of the determinant, A (n,P). Since
A(n,P) is a tridiagonal determinant, in addition to
A(n,P)G (n,P —1) , the second term of Eq.(A1) of Ap-
pendix A corresponds to the multiplication of the (n + 1,n)
element of A (n, P), —d,, and the (n + 1,n) cofactor that is
equal to T (n) dn,A (n, P —1).

2 _dl
B G(n,1)
% o —d,,
_dn—2 Dn»l _dn»l
_dn—l Dn —d,
—d, D, —d,
“ o4 G(n,P-1)
—d, o
D, -d,
-d, D,
. _dnll’—l)fl
~dypoia D,y
G(n,1)G(n,P-1)
D, -d Y (n)
-d, D,
—d, .,
_dn—’ Du7| _dn7|
-d,, D, -d,
—d, D, —d,
—d, 2 _dz
-d, . A(R,P—l)
. D, —d,
-d, D,
. . ~dypoiya
—d,,(,.,”,l D, py

-Y(n)d,*A(n,P-1)

FIG. 7 Similar to FIG. 6, but for the expansion of G (n, P)
in Eq.(A2) of Appendix A.

(©2022 Chinese Physical Society



530 Chin. J. Chem. Phys., Vol. 35, No. 3 Cong Wang et al.

is the same as A (n,P) of Eq.(33) except that the  instance, we have
(1,nP) and (nP,1) elements of G (n, P) are zero. For

J

Dy, —dy
—dy D
Gm1)=| "+ 77 (A3)
_dnfl
_dnfl Dn
when P=1,
F Dy —d, -
—di1 Ds
. _dn—l
—dp—1 D, —d,
G (n,2) = ! P (A4)
—Un 1 —d1
—dy Dy
_dn—l
L —dn,1 Dn
when P=2,
"Dy —d, -
—dy Dy
*dn—l
_dn—l Dn _dn
—dp, Dy —dy
—dy D
G (n,3) = bR (A5)
. *dn—l
_dn—l Dn _dn
—dn D1 —dy
—dy Do
_dnfl
L _dn—l Dn
when P=3, and so forth. In Eq.(A1), is an (n—2)-dimensional determinant, the (n—1, n—1)
minor of matrix A (n,1). Specifically, we define
Dy —ds
. T(1)=0
—dy D . A7
Tmy=| " T (A6) TE) -1 (A7)
. . 7dn72
_dn—Z Dn—l
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for consistence. In Eq.(A2), D - D
-4, D, —d, -d, D, —d,
-d, D, -d, IBJ
Dy —dy : A(n,1) D A ()
—d D . D, —d “. D, —d,
Y (n) = 1 2 (A8) ~d,, D,, -d, -d,, D,, -d,
. —dy s -, D -d,, D,
" DA(n1) —dP A (P
—dn s Dy | A ()
n— n—

is an (n—1)-dimensional determinant, the (n,n) minor
of matrix G (n,1). For the purpose of consistence, we
define

Y (1) =1 (A9)

As shown in Section S1 of the Supplementary mate-
rials, it is straightforward to derive

(A(n,1)Y (n) — G (n,1)T (n)) dp? = <H di> (A10)

with mathematical induction. Eq.(A1) is then recast
into a recurrence relation

A(n,P) = (G(n,l)fT(n)an)A(n,Pfl)
n 2
—<Hdi> A(n,P—2)

for P>2. We show in Section S2 of the Supplementary

(A11)

materials that the solution to the characteristic equa-
tion for Eq.(A11) leads to

P-1
- sinh (Pa
A(n,P) = (H di> WA (n,1) (A12)
i=1
where « is given by
_ 2
cosha = Gn,1) = T(n)dn (A13)

(1, 4)
which depends on the decomposition of choice.

Eq.(A13) can be further simplified. As demonstrated
in FIG. 8, G (n, 1), the determinant of matrix G (n, 1),
in Eq.(A3) is

G (n,1) = D1A(n,1) —d2A®Y (n, 1) (Al4)

where A1V (n, 1) is the (1,1) minor of matrix A (n,1).

As demonstrated in FIG. 9, A (n, 1), the determinant
of matrix A (n,P) of Eq.(33) in the main text when
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FIG. 8 Similar to FIG. 6, but for the expansion of G (n, 1)
of Eq.(A14) of Appendix A.
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Dl _dl _dn D] *d, —d,
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-d, D, n-l -d, D,
‘s 114 : T(n)
' .22 .
D,, _du—z D, ’d;—z
—d, /D) =l —d D, -d.
=, -d,, D, -d, -d., D,
11[ d -d,’T(n)
i=1
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D =4, -d,
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-d, D,
n-1
d D, -d,
2 -d, DR —d,
—d, -d,, D
[1d,

FIG. 9 Similar to FIG. 6, but for the expansion of A (n,1)
of Eq.(A15) of Appendix A. Note that five terms are in the
expansion.

P=1, is expressed as

A(n,1) = DyA(n,1) —di>A®Y (n, P)

+ﬁdi—dn2T(n)+Hdi

i=1 i=1

(A15)
Substitution of Eq.(A14) into Eq.(A15) yields
A(n,1) =G (n,1) =T (n)d,? —2 (H di> (A16)
i=1

By substituting Eq.(A16) into Eq.(A13), we achieve
Eq.(43) in the main text.
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APPENDIX B: Four cofactors of matrix A (n, P)

Define ALY (n, P), AWnP=1) (n P),
AMP=LY (n P) and AP=1nP=1) (n P) as the (1,1),
(I,nP-1), (nP-1,1), and (nP —1,nP —1) minors
of matrix A (n,P), respectively. The corresponding

J

where

®(n,P) = &?A%

Cong Wang et al.

four cofactors of matrix A (n,P) are AMD (n, P),
(—1)""AGRP=D (n, P), (=1)"T AP (n, P) and
AP=1,nP=1) ( P) with which the partition function

of Eq.(36) in the main text can be recast into

P/2
emw? \'2[ emw?z?
Znp = — = . — 2Dy a? =" ®(n,P B1
P /dm<7rA (n,P)) il;[ld exp {—emw’ Dy }exp{ A P) (n, )} (B1)
_1\nP 4(1,nP-1) _1\nP 4(nP-1,1)
D (n, P) + dudy [(-1)"" A (n, P) + (-1)"" A (n, P)]
+d2 AP—1nP=1) (i p) (B2)

We can evaluate the four cofactors with the similar strategy to that in Appendix A for the determinant of A (n, P).

ALY (n, P) = (G (n,1) — T (n) d,*) AN (n, P - 1) (Hd > ALY (n P —2)

n—1 P n P
(—1VPA““P4)MWP)=(—DnPAmP_M)U%P):(_DnPl (_@ﬂ = <II%>

AP=InP=1) (4 P) = (G (n,1)

n 2
_ <H di> AlP=2)=1n(P=2)=1] (;, p _ 9)
i=1

More details are presented in Section S3 of the Supple-
mentary materials.

APPENDIX C: Parameter-fixed 3-term decompositions

Consider the 3-term decomposition. When using the
second-order Trotter decomposition in Eq.(4), accord-
ing to Eq.(A16) and Eq.(AT), we specifically define

r? 1
—d12=f+*

2
A(1,1)=D —+5— (C1)
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{H+M(w¢iﬂ}ﬁ{wﬂpﬁma}

(B3)
(B4)

=2 i=1

_ T(’I’L) dn2) A[n(P—l)—l,n(P—l)—l] (n,P _ 1)
(B5)

with di=P?/(2u?).  Substitution of Eq.(C1) into
Eq.(43) leads to the definition of ayo,

u2pP—2
n 2)

which was obtained by Kamibayashi in Ref.[34].

Ty = arc cosh <1

(C2)

When the generalized 271V fourth-order decomposi-
tion (which is also the Takahashi-Imada decomposition
of Ref.[5]),

3

(C3)
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is used, substitution of

P2 1 u?
A(lal):Dl_d12:F+§+@_d12 (04)
into Eq.(43) yields
U2 U4
aTy = aI‘CCOSh (1 + ﬁ + 24]:)4) (C5)

In the symmetric 3-term decompositions above, all the parameters are fixed.
APPENDIX D: Optimization of the parameters in the generalized 5-term decomposition scheme

We consider the 5-term decomposition scheme with the number of beads being 2P. Substitution of
A(2,1) = D1 Dy — (dy + dy)? (D1)

into Eq.(43) produces

(D1D2 —dy? - d22>
a5 = arc cosh

2dyds

Specifically, for the generalized 273V decomposition,

24

]
X exp {—5(1 — QUO)V _ 3 1 —2¢ (12002 — 6v0 + 1) [f/’ [i V” } o—<T/2
X exp {—Evof/ - 63%(121)02 —6vp + 1) [f/7 [T, f/” }

— exp {_Eﬁ + G- ([2.[7.7]] - [7. [2.7]]) + 0(55)} (D3)

where 0<vy<1/2 and 0< ¢y<1/2 are required to keep the coefficients positive, and the parameters required in the
evaluation of Eq.(D2) are

p? 2pP? o 9 u?
d]_:dQ:?’ D1:?+Uo+ﬁ(l2’vo —6’1}0+1)ﬁ
2P 1-2v5 1-—2¢ 9 u?
Dy = — 12v9° — 6 1)— D4
2= 5 Y (1209 vo + )P2 (D4)

The expansion of the internal energy is

hw u hwu® [u — 5 sinh (u)] 1
= — h(— _
Bparay = - coth () + 5760P b (u)2) O\ PP (D3)

and that of the free energy is

u)} B hwu? coth (u/2)

hw . 1
Ag2T3V = ? In [2 sinh (5 2880P4 (C] + 0] (_PG> (D6)

where

© =2 — 30vg + 180vp” — 360v0> + 15¢o (—1 + 100y — 36v0> + 48v¢°) (D7)
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We set cp=0 such that Eq.(56) is evaluated once every two beads per step. The fourth-order error in Eq.(D5) and
in Eq.(D6) can be removed by setting ©=0, which produces

1 1 1
=—-_—-(2—— ] ~0.264134 D8
=576 ( %) (D8)

Note that, when vp=0 or 1/2, the generalized 273V decomposition of Eq.(D3) is reduced to the generalized 271V
decomposition in Eq.(C3) of Appendix C.

The original 273V decomposition, the Suzuki-Chin decomposition developed by Suzuki [12] and Chin [13], is a
special case of Eq.(D3), the generalized one,

ex {—EV e 1y 7 7] } V. {_‘” NS LA }

6 144 3 72
oo - [ ]) ) o

where vp=1/6 is used to eliminate the third-order term of the RHS of Eq.(D3), all coefficients are fixed except
for ¢g. A similar form of a5 to Eq.(D2) for the original decomposition was obtained by Kamibayashi in Ref.[34].
Parameter ¢g is often set as zero for PIMD simulations.

The generalized symmetric 372V decomposition reads

) Vo3 T i
—etoT A 2 —e(1—2to)T
e exp{ 5 48(12t0 6ty + 1) [V,{T,Vﬂ}e

Vo8 .
Xexp —% - %(1%02 ~ 6o+ 1) [V, [T,

7€t0T (DlO)

>
[EE—
@

where 0<tp<1/2, and the two terms including {V, [T, V” are symmetrically distributed. Because the finite-

difference approach, Eq.(65), is used for the PIMD implementation, {V, [T, V” (Eq.(15)) as well as its derivative
with respect to the coordinate (Eq.(56)) has to be evaluated twice every two beads per step for Eq.(D10). As
comparison, the generalized decomposition of Eq.(D3) (with co=0 and other optimal factors) requests the evaluation
of [V, [T, V“ and its derivative only once every two beads. Eq.(D10) is then more computationally expensive in
the PIMD simulation in comparison with the generalized 273V decomposition of Eq.(D3).

We can break the symmetry and construct the generalized asymmetric 372V decomposition

e Texp {5;/ - ;—4(127502 —6tg + 1) [V, {T, V” } e s(1=2t0)Tg=eV/2getoT — oy {7€H93T2V} (D11)

such that the evaluation of [V, {T, V” and its derivative is requested only once every two beads per step. In

Eq.(D11), the approximate Hamiltonian is

Fray = — < (602 — 61 + 1) (= [£.[.7]] + [7 [7.7]]) - <"1+ O() (D12)

(

where —¢*II is the fourth-order error with the expres- sion of II presented by
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f=e [T, [v, [T, vm + e [v, [v7 [T, vm (D13)
with e; and ey as two coefficients. Note that

[V, {T,‘A/ commutes with V, i.e.,
7, [, [1.7]]] = o1

It is easy to verify from Eq.(13) that the fourth-order
error of Eq.(D12) can be eliminated by the similarity
transformation of Eq.(12), with a corrector,

~ 53(

Cyprav="—5 (6to>6to+1) [VT} —e; [fa {T,V”(Dw)

The generalized asymmetric 372V decomposition of

J
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Eq.(D11) then yields the third-order (1/P?%) accurate
partition function for general systems.

When applying the asymmetric 372V decomposition
to the harmonic oscillator, we evaluate a5 of Eq.(D2)
with the parameters,

P
1_2t0u
dy= —

2(1—to)u (D16)
Di=di+dz+ 15
Dy = dy +ds+ - + (12402 — 6t + 1)
2 — a1 2 AP 2 0 0 P3

Expansion of the internal energy of the generalized
372V decomposition in the power series expansion of
1/P produces

hw
EggTQV = — coth

2 2

while the expansion of the free energy leads to

Agarov = % In [2 sinh (2

where

2 =1— 15ty + 60ty — 90to> + 45t0* (D19)

The fourth-order error is eliminated in Eq.(D17) as well
as Eq.(D18) by setting Eq.(D19) to be equal to zero,
yielding

11

to = 5—551/1 (5 + 2\/5) ~ 0.102673 (D20)
11

to = 5= 3:4/15 (5 - 2\/5) ~ 0.406204 (D21)

Our numerical tests of several typical systems show that
Eq.(D21) leads to more accurate results than Eq.(D20),
for the generalized asymmetric 372V decomposition of
Eq.(D11). When we employ the generalized asymmetric
372V decomposition, we always use Eq.(D21) for the
value of tg.
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U hwu? [u — 5sinh (u)] _ 1
<7> 2880 P4sinh? (u/2) = (P6> (D17)
3] - p =0 (50) 1
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