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ABSTRACT

Derived from phase space expressions of the quantum Liouville theorem, equilibrium continuity dynamics is a category of trajectory-based
phase space dynamics methods, which satisfies the two critical fundamental criteria: conservation of the quantum Boltzmann distribution
for the thermal equilibrium system and being exact for any thermal correlation functions (even of nonlinear operators) in the classical and
harmonic limits. The effective force and effective mass matrix are important elements in the equations of motion of equilibrium continuity
dynamics, where only the zeroth term of an exact series expansion of the phase space propagator is involved. We introduce a machine learning
approach for fitting these elements in quantum phase space, leading to a much more efficient integration of the equations of motion. Proof-
of-concept applications to realistic molecules demonstrate that machine learning phase space dynamics approaches are possible as well as
competent in producing reasonably accurate results with a modest computation effort.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0046689

. INTRODUCTION

A great deal of theoretical effort has been focused on develop-
ing approaches for including nuclear quantum mechanical effects in
trajectory-based molecular dynamics (MD) simulations'° for cal-
culating quantum thermal correlation functions that encode most
dynamical quantities of interest.”” For example, energy current cor-
relation functions yield thermal conductivities,”'’ flux correlation
functions produce reaction rates,'"'” force correlation functions are
related to vibrational energy relaxation rate constants,” and infra-
red(IR)/Raman vibrational spectra can be expressed in terms of col-
lective dipole-moment/polarizability correlation functions.””'* "
Quantum thermal correlation functions are of the form' ™’

N S Y PR _ Lo [ 4B iHt/h g —ifit/h
Can(t) = ZTr[A (0)B(t)] = ZTr[A eI, )
or equivalently,m’l"

1 it/ A B iEIt/h 2 1 N N
Cap(t) = ETr[e th/hAﬁelHr/hB] _ ZTr[Aﬁ(t)B(O)], )

where Aft 4 = ¢ PHA for the standard version of the correlation
function, Afym = eiﬁH/ erf'BH/ 2 for the symmetrized version,'" or
Aiubo = flf [Oﬁ dle”BDH A~ £o1 the Kubo-transformed version.”’
These three versions are related to one another by the following
identities between their Fourier transforms:

hw ui S Sym
l_ﬁemlngo(w) = Ii(w) = eﬁhwﬂIA}% (w), (3)
where Iip(w) = [ dte”™ Cap(t). Here, Z = Tr[eilm] (B=1/ksT)

is the partition function, H the (time-independent) Hamiltonian of
the system with the total number of degrees of freedom 3N, which
we assume to be of standard Cartesian form

N 1 _
= EpTM '+ V(%), (4)

where M is the diagonal “mass matrix” with elements {m;} and p
and % are the momentum and coordinate operators, respectively;
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and A and B are operators relevant to the specific property of inter-
est, which are often nonlinear functions of coordinate or momentum
operators.

A consistent practical quantum dynamics method for studying
quantum thermal correlation functions of complex (large) molecular
systems should have the two important properties:

1. Treat both linear and nonlinear operators (i.e., linear and
nonlinear functions of the position or momentum opera-
tors) equally well and recover exact correlation functions in
the classical # — 0, high temperature f — 0, and harmonic
hmlts 22,23,28-34

2. Conserve the mapping quantum canonical density distribu-
tion, which corresponds to the quantum commutation relation

I:e—ﬁlil,e—ililt/h] -0, (5)
or equivalently,

—ift/h —BH iHt/h
o Ht/h =PH it/

= p(1) = p(0). (6)

In addition, such a trajectory-based method should not require any
specific form of the potential energy surface (PES) and is then, in
principle, feasible to be employed with ab initio calculations on the
fly or ab initio-based force fields.

We have recently developed trajectory-based approaches in
phase space formulations of quantum mechanics™ * for estimat-
ing the quantum thermal correlation function. The starting point is
from phase space expressions of the quantum Liouville theorem for
the “general density operator” in quantum mechanics,”*"***’

AP (1)
ot

- 7%[1&‘30),1*{]. @)

When A = 1, the “general density operator” becomes the den-
: AB _ aeq _—ift/h —BH iHt/h

sity operator AP(t) = p®(t) = e e P Because solv-
ing quantum Liouville dynamics in phase space is often difficult,
if not impossible, for general multi-dimensional systems, we have
proposed equilibrium continuity dynamics (ECD), a category of
trajectory-based dynamics for solving quantum Liouville dynamics
approximately but reasonably well.” In the ECD category, equi-
librium Hamiltonian dynamics (EHD) is a special kind in which
an effective Hamiltonian can be defined to govern the equations
of motion. Both ECD and EHD satisfy the two important prop-
erties. The ECD or EHD equations of motion for the phase space
variables (x, p) often involve the effective force as well as effec-
tive mass matrix, which can be computed on the fly by path inte-
gral,” Feynman— Kleinert approximation,'””>”>* thermal Gaussian
approximation,”*””** etc. It is worth mentioning that, after we
first utilized the quantum Liouville theorem in Wigner phase space
to develop trajectory- -based approaches for satisfying the two impor-
tant properties,”””’ more trajectory-based methods along this line
(in addition to our progress) have been developed.”*

The purpose of this paper is to develop a machine learning
approach for fitting the effective force and effective mass matrix in
advance such that the equations of motion can be integrated much
more efficiently. In the field of fitting a PES from first-principles
quantum chemistry data, the Deep Potential scheme has been
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verified to be competent in constructing accurate and robust PES
models for a wide variety of systems in an end-to-end way.” """ This
was achieved by the smooth symmetry-preserving feature descrip-
tor, as well as the adaptive data generating scheme Deep Potential
Generator.”’ As a result, Deep Potential-based molecular dynamics
(DeepMD) can preserve the accuracy of ab initio molecular dynam-
ics while reducing the cost by several orders of magnitude. This
paper shows that the successful strategies of Deep Potential scheme
can be further extended in a nontrivial way to fitting the effective
force and effective mass matrix in phase space quantum dynamics.

Section II first introduces ECD and shows that ECD involves
the zeroth order term of an exact series expansion of the phase
space propagator. After expressing the effective force and effective
mass matrix by path integral, we then introduce the machine learn-
ing scheme for fitting these quantities necessary for ECD by fur-
ther development of the strategies introduced in Deep Potential.
Section IIT applies the machine learning ECD methods to vibrational
spectra for hydrogen peroxide (H>O;) and its isotope molecules, as
well as the rovibrational spectrum of the H,O molecule. The former
involve a type of challenging molecular systems that have large-
amplitude motion as well as tunneling splitting effects. The latter
tests the performance for describing the vibrational motions and free
rotational motions that are coupled with one another. Conclusions
and outlook follow in Sec. IV.

Il. THEORY

A. The correlation function in the phase space
formulation of quantum mechanics

The expression of Eq. (2) in the ‘phase space formulation of

quantum mechanics can be derived™’ ** as
1 -
C fdx/dAﬁx,;th,;O. (8
() = Z(zh)3N pA”(x p; 1) B(x p; 0) )

Here, the “general” phase space distribution A®(x, p; t) and the dual
function B(x, p;0) can be expressed in a more generic framework
for the one-to-one correspondence mapping in quantum mechan-
ics,”” which we show below to reformulate the unified classifica-
tion scheme for the expression of the quantum thermal correlation
function presented in Ref. 21 as a generalization from Ref. 50,

AP(xpit) = Tr[Aﬁ (HK(x, p)] 9)

and

B(x,p;t) = Tr[K ™' (x, p)B(1)]. (10)

Or reversely,
Pue )_7/dx/ dpA? (x, ps )K" (x,p),
(2 h)?)N

B0 = o [ o [ apBm0R()

The mapping kernel and the corresponding inverse satisfy the
normalization,

(11)

J. Chem. Phys. 154, 184104 (2021); doi: 10.1063/5.0046689
Published under license by AIP Publishing

154, 184104-2


https://scitation.org/journal/jcp

The Journal
of Chemical Physics

OIS IR T IR
and
. K 1 &1 R
W/dX/dPK(X>P) = Wfdxf de (X>P) =1
(13)

Here, I is the identity operator. The kernel of mapping is

kep) = ()" [ at [ ane 60 ey

and

“an-(3) Saf age IO
(15)

where f({, 1) is a scalar function that defines the corresponding
quantum phase space. o
For instance, the Wigner function’”” has

f&n) =1 (16)

the “general density distribution” AP(x, p; ) in the Wigner phase
space is

1 . o
A?A/(X,p; t) = W f dy(X— %‘Aﬁ(t) X+ %}ey P/h, (17)

and the corresponding dual function Bw(x, p;t) becomes

Bw(x,pst) = /dy(x— %’B(t)

X+ §>einp/h. (18)

Following Refs. 20, 22, and 23, one can show that the quantum
Liouville equation [Eq. (7)] in the Wigner phase space representa-

tion is
OAF (x,ps;t)
T = LA (s ps)
oA, oAl
Ta-198w 1 w
- pMIZW 2w
x TV,
& FEEAY
L AN WY
24V(X)(8x 5 )AW+ , (19)
or equivalently,
0AF P>t
Ay (%, pst) = Ak, (xpst)

ot
N EV in[ 2.9 )| a8
_[ p M <t (x)sm(2 " p):|AW’ (20)

which is a generalization of the Wigner-Moyal equation.’"”” The
arrows above the gradient operators in Eq. (19) or Eq. (20) imply the
directions in which they act.
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More trivially, the Wigner-Moyal equation leads to

OBw(x,pst) Ry i
—a - L™ Bw (x,p;t)
OBw
op

o (9 &Y
+24V(x)(ax(9p) BW (RN

_10Bw

T
-p'™M
P ox

_ V’(x)-

21

or equivalently,

OBw(x,pst)

5 = L Bw(x,p;t)

= |:pTM_188X - %V(x) sin(zgx . aap)]faw. (22)
Here, £ and L are adjoint operators. £ is anti-self-adjoint in
Wigner phase space because
L'=-L. (23)
The propagators in phase space then have the relation
exp(L*t) = exp(-Lt). (24)

The quantum thermal correlation function of the form Eq. (2) or
Eq. (8) is then

cAB(t)=% [ ax [ dp(exp(£04 (x p:0))BGups0),  29)

while that of Eq. (1) is
Cas(t) = % f dx f dpAP (%, p; 0)B(x, p; ) (26)

1

= Zfdxf dpAﬁ(x,p;O)(exp(C*t)B(x,p;O)) (27)

:%/dx[dPAﬂ(X’P;0)(eXP(—Et)B(x,p;0)). (28)

For convenience, one can define the function f, AM,;/ (x,p; t) as the ratio
of the “general density distribution” to the density distribution,

A opst) [ dy(x- H|AP(Dfx+ ) Pl

w H) = _
fas (% p3 1) P (xpit) i dy(x— %|e—[3H|X+ %>eiyrp/h .

(29)

Then, the quantum thermal correlation function Eq. (8) in the
Wigner representation becomes

Can(t) = [ ax [ dppiix m L (5 s OB (x pi0). (30)

Similarly, one can express the (Wigner) phase space representation
of Eq. (1) as

Can(t) = - [ ax [ dppix ) (k0B (e pst). (31)

Note that the phase space formulation of Eq. (6) in the second
criterion reads
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Opy (%, p3t)
w2 oo,
ot
Here, p;?, (x,p;t)/Z is the density distribution function, not the
probability distribution function, because the uncertainty principle
in quantum mechanics prevents the definition of the probability at a
given point in phase space.

(32)

B. Evaluation of the correlation function
with trajectory-based dynamics
in quantum phase space

1. The equilibrium continuity dynamics correlation
function in quantum phase space

The ECD formulation of the quantum thermal correlation
function as first proposed in Ref. 20 and later in Ref. 23 suggests

1 . )
Can(t) = - [ dxo [ dpopid (xo,pys O (0, Py 0)Buv (x B30,

(33)
where the equations of motion for trajectory (x;, p;) are
x=M"p,
_ OVer(x,p) (34)
- ox
with the effective force —0V(x, p)/Ox obtained from
10 (xp;0) O OVer(x.
T 1 PW > Ps ( eq eff( :P))
Y gt At Shep ,p;0) — 2] 35
P ox ap \PweR0) =50 (35)

in Wigner phase space. Note that in many cases, there exist various
choices for the effective force satisfying Eq. (35). (Appendix A offers
more comprehensive discussions.)

It is easy to verify that Eq. (34) with Eq. (35) leads to

s 9 . RN I
L fm0) = () - o (0 e m0) 0, @9
which states the stationarity of the density distribution in the conti-
nuity equation,

Ipie (x.pst)
ot

Using the operator adjoint to Lecon,

= ﬁconpiﬁ,(x, p;t) =0. (37)

(38)
we recast Eq. (33) into

1 c
Can(0) = [ dxa [ dpopy (xo:pus O (0, 150)

o« [exp(L2ont) B (x0,2350)]

1 . .
= [ dx [ dpopi(x0. By ) (x0, By 0)Buv (30 3 0).

z
(39)

In comparison, the exact formulation of the quantum thermal cor-
relation function Eq. (31) can be expressed as

ARTICLE scitation.org/journalljcp

Can(t) = - [ dxo [ dpopx0,posO)fif (x0.i0)
x [exp(Vmoat) Bw (x1,p,30)], (40)
with the modification propagator exp(YVmodt) defined by
exp(Vmoat) exp(Liont) = exp(L"t). (41)

In a harmonic system, because only first derivatives exist in the Liou-
ville operator L* in Eq. (21), it is evident that £, = £* produces
exact dynamics. That is, the modification propagator exp(YVmodt)
= 1 in the harmonic limit. Therefore, it is not unreasonable to make
the simplest approximation

exp(Vmodt) » 1 (42)

for general systems, as done in ECD.

It is obvious that the zeroth order propagator Uy(t)= exp
(L%nt) instead of the exact propagator U(t) = exp(L*t) = exp
(Vmoat) exp(Lint) is used in Eq. (33) or Eq. (39). The strategy of
Ref. 54 can be implemented to obtain the exact propagator from the
zeroth order one. Propose a correction operator

C(t) = (L = Lion) Uo(t). (43)

It is then straightforward to prove

U(t) - Uo(t) = fotdt'U(t—t')C(t') (44)

and that the exact propagator can be represented as
u(t) = 2 Ui(o), (45)
=0
with the recursion relation

Ui (t) = fotdt’Uj(t -He(r). (46)

A rigorous formulation of a series of propagators, where ECD
involves only the zeroth order propagator, is then constructed for
general systems. Even though it is often computationally demanding
to obtain the exact quantum thermal correlation function through
Eq. (45), it is useful to employ low order correction terms to estimate
the accuracy of Eq. (A44) for a specified system. That is, the influ-
ence of the first order correction U, (¢) indicates the performance of
ECD even when no exact results are available. Provided that ECD
is reasonably good, low order correction terms of Eq. (45) can be
constructed to improve over ECD in a systematic and rigorous way,
as long as the computation effort is affordable. (See Appendix B for
example.)

It is not difficult to verify that in Eq. (19), the second order
term (~k%) and higher order terms of the RHS vanish in the classical
(h — 0), high temperature (8 — 0), and harmonic limits. In these
limits, £ becomes the same as Lcon. That is, the ECD formulation of
Eq. (33) with the equations of motion [Egs. (34) and (35)] is exact
in the classical (A — 0), high temperature (f — 0), and harmonic
limits. In the three limits, ECD approaches the linearized semiclassi-
cal initial value representation (LSC-IVR) of Miller et al!»13:38:55758
Because ECD conserves the canonical distribution [i.e., Eq. (32) or
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Eq. (37)], it offers a framework to develop trajectory-based dynam-
ics methods that have the two important properties listed in Sec. L.
In Ref. 23, it is shown that there exists EHD—a special type of ECD
in which the effective Hamiltonian can be identified to generate the
equations of motion after transforming the phase variables.

2. Local Gaussian approximation

The calculation of Bw (x,p;t = 0) for operator Bin Eq. (18) is
usually straightforward; in fact, B is often a function only of coor-
dinates or only of momenta, in which case its Wigner function is
simply the classical function itself. Calculating AP(x, p; t = 0) for
operator AFin Eq. (17), however, involves the Boltzmann operator
with the total Hamiltonian of the complete system so that carrying
out the multidimensional Fourier transform to obtain it is non-
trivial. The quantum canonical distribution in the Wigner phase
space, i.e., Wigner density distribution function or Wigner function
of the Boltzmann operator, can often be approximated by the local
Gaussian approximation (LGA) of the momentum distribution,'**’

) 3N/2
eqLGA(x,p) (x|eiﬂH|x)(£) det(Mtherm(X))’l/z

«onf Eetncon]
B (Zﬁn )3N/2 det(Myperm (x)) ™/

Xew[ﬂwﬂﬂ—éphumdﬂﬂ- (47)

Here, the effective potential is defined as
- 1 _RF]
Veir(x) = 3 In (x]e 7 |x). (48)

When the thermal mass matrix Merm is constant in Eq. (47), one
choice for the effective force defined by Eq. (35) is

OVer(x,p) 1 _10In (x|e_ﬁﬁ|x)
——F = - MpgeerM  ——F——
ox g™ ox
-1 8Veff

ox

= —~MthermM (49)

d1n (x|ePH|x)/&x can be evaluated by path integral on the fly
as done in path integral Liouville dynamics (PILD).”* *° PILD is
a specific option in the category of EHD or ECD as discussed
in Ref. 60.

When the thermal mass matrix Merm is strongly position-
dependent, a reasonably good approximation is to employ the
covariance matrix of momenta’’ to evaluate the inverse of Miherm
locally, i.e.,

1 [ dy(x= 3l e yy!
prz [ dy(x= 3P+ §)
which can be evaluated by open-chain path integral molecular

dynamics (PIMD) or Monte Carlo (PIMC). Some other options that
are even much more numerically demanding employ open-chain

Mierm = > (50)
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PIMD or PIMC for directly performing the Fourier transform to
obtain the Wigner function of the Boltzmann operator (they have
to deal with the sign problem).”’* In this paper, we consider only
Eq. (50) that is possibly useful for general large molecular systems.

On the assumption that the Wigner density function is approx-
imated by Eq. (47), (at least) two kinds of ECD equations of motion
can be achieved. One is

x=M"'p,
-1 8V€ff 1 T aMtherm
(b): = Z(M“‘e"“)h [ ox 20 ow
1 0 _18(Mtherm)lk
I Miherm - —=. (51
2R om og det(My, (x))]+ﬁ zk:mk o, (51)

The dynamics produced by Eq. (51) is denoted ECD-1, which has a
conserved quantity

EC

Hig ' = Ve + P "Miptrmp + 73 log det(Mherm)

O(Mperm)ji
/ Z P (Mtherm)kj¥dt (52)

zjk

that is the explicit expression of Eq. (A45) or Eq. (A48) in
Appendix A. The conserved quantity of Eq. (52), however, does not
lead to any form of Hamiltonian dynamics. The other is

)'(:M_lp,

OVerr

1 1OMg..
P), = Z(Mtherm)h 1[ O +-p —Ghem

2 ax,-

1 0
+ ﬁ a— log det(Mtherm(x))]

+ Zpkm

-1 a(Mtherm)l, (
ij.k Ox

Mtherm)ul7 (53)

The dynamics yielded by Eq. (53) is denoted ECD-2 or EHD, which
has a conserved property,

ECD-2

Heff T = ~eff+ P Mthermp 10g det(Mtherm) (54)

26

Note that Eq. (53) of ECD-2 (or EHD) becomes Hamilton’s equa-
tions of motion generated by effective Hamiltonian defined in
Eq. (54), under the transformation of phase space variables,”’

Xeff = X,
- (55)
Peff = MMthermP~

It is straightforward to verify that ECD with either option
above still rigorously satisfies Eq. (36) and produces the exact cor-
relation function (even of nonlinear operators) in the classical,
high-temperature, and harmonic limits. Note that the thermal mass
matrix Mnerm defined by the quantum canonical distribution or
Wigner density distribution pj}(x,p) is often different from the
(diagonal) physical mass matrix M except in the high temperature
or classical limit.
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3. Machine learning implementation

As demonstrated in Egs. (51) and (53), the effective force in
the coordinate space —8Veff/(?x, thermal mass matrix Merm, and
its derivative OMherm/Ox are required for ECD. Estimation of such
quantities by using PIMD/PIMC at each time step of ECD is expen-
sive. Modeling them with machine learning should greatly improve
the computation efficiency.

Although employing machine learning to fit the PES from elec-
tronic structure data is an old idea,”” " efficiently fitting the impor-
tant elements in the ECD equations of motion is not trivial. In this
paper, we adopt and extend the Deep Potential scheme,”” which
represents the inter-atomic PES as a sum of atomic contributions.
The atomic contribution, being a function of the coordinates of each
atom and its near neighbors, is represented by deep neural networks
that ensures the symmetry preserving property of the PES. To date,
Deep Potential has been used to model various phenomena in phys-
ical chemistry”” " and materials sciences.”” ** In particular, it was
later extended to representing vectors like the positions of Wannier
centers,”” as well as tensor properties like the polarizability,” at the
level of ab initio electronic structure theory.

Below, we introduce the strategy to develop machine learn-
ing ECD (ML-ECD). We will see that, although the Deep Potential
construction can be directly used for the effective potential, the con-
struction of the thermal mass matrix, being a 3N x 3N symmetric
matrix, requests entirely non-trivial extension.

The effective potential Vegr defined in Eq. (48) satisfies

1. Translational invariance: For any vector t « R3, define the
translation vector t = (t7--t7)”, then Vg(x + ) = Vegr(x).

2. Rotational invariance: For any orthogonal matrix R € R**
satisfying R'R = RR” = 1343, define the rotation matrix
R = diag{R,...,R}, then Vez(Rx) = Vez(x).

3. Permutational invariance: For any pair of atom i and atom j
of the same type, i.e., a; = &, define matrix P ¢ RN, whose
elements are Py = O — (8k; — 0k;)(8); — &) Define permutation
matrix P = P ® 1343, then Veg(Px) = Vg (x).

3

These requirements are met by the Deep Potential scheme.” In
the construction of the Deep Potential descriptor, the feature of the
environment of atom i is represented by

I 1 T
Dim = Z Glx,txj(S(rlj))G::ak(S(rik))rijrik’
jokeN; (56)
121,...,M1, mzl,...,Mz.

N is the set of neighbors for atom i. The local embedding function
G is a neural network (NN) function, which takes one input and
produces M outputs and whose parameters are dependent on the
types of atom i and atom j. In Eq. (56), the translational invariance
is satisfied by the relative position (rj), the rotational invariance is
met by the inner product (rg r;x), and the permutational invariance
is fulfilled by the summation over all neighbor atoms. The function
s(r) in Eq. (56) vanishes smoothly as r increases

1
> T < Tcs,
-
_J 11 — 1
s(r) = f[fcos(nr TCS)+7], Tes, <1 < Tey (57)
rL2 Te—Tes 2
0, r>te
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where r. and r¢ are the cutoff radius and smooth cutoff radius,
respectively.

We express the feature of the environment of atom i [Eq. (56)]
as a vector D; of length MM, and then define the local energy of
atom i as the output of an NN function f that employs D; as the
input. Finally, the effective potential is constructed as the sum of all
local energies,

Var= Y Vi= (D). 68)

Different from the effective potential, the thermal mass matrix
Miperm Satisfies

1. Translational invariance: For any translation vector t, Mperm
(x+1t) = Miherm (). i i

2. Rotational covariance: For any rotation matrix R, Merm (Rx)

= T

= RMperm (X)R .

3. Permutational covariance: For any permutation matrix
= = = =T
P; Mtherm(PX) = PMtherm(X)P .

A model for constructing the thermal mass meeting all the
requirements above is to express Merm in the block form {Mj;, i =1,
.. N;j=1,..., N}. Similar to Eq. (56), we introduce the feature
descriptor in the tensor form

<>Im 1

D" = 5 35 G (s(r)) Gl (s(r) (gt + ), 0
J

l:1,...,M1, m:1,...,M2,

which replaces the inner product in Eq. (56) with the outer prod-
uct and outputs a symmetric 3 x 3 matrix for each [ and m. It is
straightforward to prove that the rotational covariance is satisfied
by the outer product. Then, the tensor feature of the environment

<>
of atom 7, D;, can be designed as a (M;M;)-dimensional vector of
3 x 3 matrices. It is easy to see that the scalar feature [Eq. (56)] is

simply the trace of the tensor feature [Eq. (59)], i.e., TrBim = Dim.

Equation (56) or Eq. (59), however, does not use the informa-
tion of the angle between r;; and ry, which may have a considerable
effect on the tensor descriptor [Eq. (59)]. More importantly, Eq. (56)
or Eq. (59) fails to describe high symmetry points in molecular sys-
tems. (See Appendix C for more discussions.) A more general form
of the Deep Potential scalar descriptor reads

] 1 T
Di =Y Gayae (s(rij), s(rix)> cos O )iy, 1=1,...,F.  (60)
ik

The local embedding function G is an NN function, which takes
three inputs [s(ry), s(ric), and cos 6 = rg ri/(rira)] and yields F
outputs and whose parameters are dependent on the types of atom i,
atom j, and atom k.

The corresponding Deep Potential descriptor in the tensor
form is

<~
D;= % > Gix,ajak (s(rij),s(rix ), cos 6,-]-k)(r,-jr§< + r,-kr,g),

I (61)

I=1,...,F,

which is a symmetric 3 x 3 matrix for each L. Thus, the tensor feature
<>
of the environment of atom i, D ;, can be viewed as an F-dimensional
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FIG. 1. Schematic representation of the neural networks for the thermal mass
matrix.

vector of 3 x 3 matrices. Similarly, the scalar feature [Eq. (60)] is the

trace of the tensor feature [Eq. (61)], i.e., Tr(I_))i = Df. In Appendix C,
we illustrate that in some cases, Eq. (61) may be better to describe
tensor properties than Eq. (59).

With the scalar and tensor forms of the feature descriptor
designed by Egs. (60) and (61), the diagonal blocks of the thermal
mass (that are 3 x 3 matrices) can be constructed as

> lesl

M = i f(D)D,;D;, (62)
=1

where f is an NN function that takes D; = {D}, [ = 1,...,F} as the
input and outputs F values. The off-diagonal blocks can be designed

by
lesl
M; = 3 ¢'(Dis(ry), Djs(ry), s(r))DiD, i#j,  (63)
1

where g is an NN function that takes {Dls(r;), | = 1,...,F},
{Djl-s(rij), I = 1,...,F}, and s(rjj) as the input and generates F
output values. In addition, g(D1, D2, s) should be symmetric with
respect to D; and D, such that M = M}; . Therefore, we can
make g(D1,D,,s) = g(D1,Dz,s) + §(D2,Dy,s), where § is a gen-
eral NN function that employs 2F + 1 inputs and yields F outputs. A
schematic representation of the NN for the thermal mass matrix is
demonstrated in Fig. 1.

Ill. SIMULATION DETAILS AND RESULTS

Below, we implement ML-ECD to illustrative examples of
realistic molecular systems.

A. Simulation details

H,'°0; and its isotope molecules are often used as fundamen-
tal benchmark nonlinear and nonplanar systems. Hydrogen per-
oxide is one of the simplest molecules involving large-amplitude
motion, e.g., the internal rotation (torsion) around the O-O bond.
The molecule system presents a challenging test for both experimen-
tal and theoretical studies. The accurate six dimensional PES was
developed by Koput, Carter, and Handy.'”" We use Tapenade® to
generate the code for the (classical) force of the PES.

In applications of ML-ECD in this paper, PIMD is used for
equilibrating the molecular system and for evaluating the effective

ARTICLE scitation.org/journalljcp

potential Vg(x) as well as thermal mass matrix Mer before ML-
ECD is employed for real time dynamics. For each molecular system
at 300 K, closed-chain PIMD with 256 PI beads is used to evaluate
the effective force for 1000 typical samples. The time step is about
9-12 a.u. Data for each sample are averaged from three constrained
PIMD trajectories of 1 x 10° a.u., which leads to a statistical error bar
of the effective force ~1% of the standard deviation of the effective
force. The covariance matrix is evaluated by open-chain PIMD with
128 beads for 1000 samples, each of which is averaged from three
constrained open-chain PIMD trajectories of 6 x 107 a.u., which
gives a statistical error bar of the covariance matrix, which is ~1% of
the standard deviation of the covariance matrix. Both closed-chain
and open-chain PIMD simulations employ the “middle” thermo-
stat scheme,”” ™ in which we use the Langevin equation®”"”" with
0.017 a.u. as the friction coefficient for the first staging mode and
wp = \/P/Bk as the friction constants for other staging modes.”"*
For H,O; at 100 K, closed-chain PIMD with 768 PI beads is used to
evaluate the effective force, and the covariance matrix is evaluated
by open-chain PIMD with 384 beads.

In the machine learning model of the effective potential Veg(x),
we employ two hidden layers (with 20 nodes for the first layer and
40 nodes for the second one) for the local embedding net. Take
M, = M> = 6. Three hidden layers (with 20 nodes for each layer) are
used for the fitting net. In the machine learning model of the ther-
mal mass matrix Merm, We use two hidden layers (with 20 nodes
for each layer) for the local embedding net. The number of encoded
features is set to be F = 20. The fitting net for the thermal mass
matrix involves three hidden layers (with 20 nodes for each layer).
The thermal mass matrix is pre-processed before the training. A
unitless matrix M~ *MermM ™% — 1 is constructed such that the
values of the matrix elements are closer to zero and better-scaled. In

H,0, 300K
0.08
o effective force
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°
N 0.06 4 °
e
] 0.05
7 °
3 0.04
E °
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0.02
: ! i
°
0.01 4
0.00
0.030 A @ covariance matrix
0.025 +
-
£ 0.020 -
G L]
i
8 0.015 A
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©
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10? 103
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FIG. 2. Relative test error of the effective force or covariance matrix as a function
of the number of training samples. The logarithmic scale is used in the x-axis.
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the training process, the samples are randomly split into the training
data, validation data, and test data with a ratio of 8:1:1. A converged
model is obtained after training with 1000 epochs. For each con-
verged model, the (largest) test error is below 2%, which is on the
same scale with the statistical error of training data.

Figure 2 shows the convergence of relative test error (ratio of
the test error to the standard deviation of test data) as the size of
training set increases. H,O, at 300 K is used as an example. For each
training set, 24 models are trained, which are different only in initial
parameters. As demonstrated in Fig. 2, irrespective of the number of
samples (100, 300, or 864) used to train the models, the relative test
error of the best model(s) is below 1.5%. While the deviation among
models is relatively large when 100 samples are used, the perfor-
mance with 300 training samples is similar to that with 864 training
samples. When the size of the training set is 300 or more, the largest
relative test error is expected to be smaller than 2%, which does not
significantly decrease as the number of samples increases. In this
paper, 1000 typical samples are employed, which are enough for the
current type of machine learning models for the molecular systems
under investigation. The time cost to integrate the ECD equations of
motion per time step is reduced by 6-7 orders of magnitude in com-
parison to the brute-forcing way of calculating the effective force and
thermal mass matrix [by employing the covariance matrix Eq. (50)]
on the fly with PIMD.

ARTICLE scitation.org/journalljcp

In the real time dynamics simulation of H,'°O, and its iso-
tope molecules, 240 trajectories propagated to 131 072 a.u. (3.17 ps)
are used to calculate the correlation function. The time step is 4
a.u. (0.096 fs). The translation and rotation are removed along the
trajectory each 100 steps using the technique introduced in Ref.
92. The dipole moment g and its time derivative j are obtained
by the point charge model (u4 = Zf\fi"m gixi and 1 = Zfi“‘l"“’ qiXi,
where g;, xi, and X; represent the point charge, position, and
velocity of the i-th atom, respectively). The Fourier transform of
the Kubo-transformed collective dipole-derivative autocorrelation
function'**>*** is used for ML-ECD to calculate the vibrational IR
spectrum.

We also apply ML-ECD to the rovibrational IR spectrum of
the H,'°O molecule at T = 300 K. The accurate PES from Ref. 94
and dipole moment surface (DMS) from Ref. 95 are used. Sim-
ulation details of PIMD and ML procedures are the same as
those for H,O;. In the real time dynamics simulation, while the
time step size is 4 a.u. (0.096 fs) and each ECD trajectory is
propagated up to 131072 a.u. (3.17 ps), 240 such trajectories
are used to calculate the dipole-derivative autocorrelation func-
tion, the Fourier transform of which leads to the rovibrational
IR spectrum. The (translational) velocities of the center of mass
of the H,O molecule are removed along the trajectory each 100
steps. The accurate spectrum line data for 296 K of Ref. 96 were

FIG. 3. The IR spectra for H,0, at 300 K.
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computed for the same PES™ and DMS,” which are avail-
able on http://www.tampa.phys.ucl.ac.uk/ftp/astrodata/water/BT2/
as well as included in the HITRAN database (https://hitran.org/).
The exact results for 300 K are calculated with a modifica-
tion of the Boltzmann weight from those benchmark line data
for 296 K.

B. Results and discussions

We first study the vibrational IR spectrum of H,O, at
T = 300 K and that at T = 100 K (the results of which are demon-
strated in Figs. 3 and 4). Spectra of H,'%0,, HDO,, and D,0,
are then simulated for T = 300 K for studying isotope effects (as
presented in Figs. 5-7). ML-ECD, MD, and normal-mode analysis
(NMA) are employed. NMA data are obtained by diagonalization of
the mass-weighted Hessian matrix at the equilibrium configuration
(i.e., the minimum of the PES). The simulation results are com-
pared to the “exact” vibrational frequencies,”” which were obtained
using the fully symmetry-adapted finite-basis variational method
described in Ref. 98.

As shown in Figs. 3-7 and Table I, ML-ECD methods are able
to describe all peak positions in the vibrational spectrum reasonably
well, overall faithfully capturing nuclear quantum effects when they
are important and missed by MD and NMA. While MD and NMA

H,0, 100K
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results are blue-shifted by ~170-190 cm™" for the high frequency
O-H stretching mode(s) and by ~100 cm™" for the high frequency
O-D stretching mode(s), ML-ECD results (obtained by such as
ECD-1) are within the absolute error less than 20 cm™!. ML-ECD
produces a reasonably accurate peak position with a relatively small
full width at half maximum such that two close peaks (the distance of
which is no less than 40 cmfl) are distinguished. For instance, ML-
ECD methods produce two distinct peaks, the difference between
which is about 70-130 cm™, in 1260-1405 cm ™" for H,O; (in Figs. 3
and 4) and H%SOZ (in Fig. 7), and in 945-1030 cm™! for DO,
(in Fig. 6), as the “exact” results”’ suggest. In comparison, MD
captures only one peak in the same region. The peak of the O-O
stretching mode between 820 and 880 cm™" is noticeable (very small
though) in the ML-ECD spectra but vanishes in the counterpart MD
spectra, as demonstrated for H,O, (Figs. 3 and 4), H,'%0, (Fig. 7),
and DzOz (l"lg 6).

The ML-ECD peak position (above 800 cm™") barely changes
as the temperature is decreased from T = 300 K (Fig. 3) to T = 100 K
(Fig. 4). This is in good agreement with the fact that the line
position of the IR spectrum of the isolated molecule is inde-
pendent of the change of temperature. Figures 3 and 5-7 indi-
cate that isotopic effects are captured well by the ML-ECD
results in comparison to those in the “exact” vibrational frequen-
cies.” For this series of molecular systems, ECD-1 yields slightly
more accurate results than ECD-2 does. The two variants of

IR Intensity

IR Intensity

FIG. 4. The IR spectra for H,0, at 100 K.
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FIG. 5. The IR spectra for HDO, at 300 K.
FIG. 6. The IR spectra for D,0, at 300 K
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FIG. 7. The IR spectra for H,'#0, at 300 K.
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ECD involve different equations of motion although they fall
into the same category. Therefore, they produce slightly different
results. The numerical performance of ML-ECD (especially ECD-1)
is, in general, robust for the IR spectrum as a function of tem-
perature and isotopic substitution as shown in Figs. 3-7 and
Table L.

We then investigate the rovibrational spectrum of the H,'°O
molecule at 300 K based on the accurate PES”™ and DMS™ for this
realistic molecule. In such a case, rotational and vibrational motions
are coupled. As is well known, exact quantum data for the rovi-
brational spectrum of such a molecule consist of lines. Figure 8
demonstrates the comparison of MD/ML-ECD results to exact data.
Because the frequency difference between the lines is so small and
ECD is not able to distinguish between two peaks whose differ-
ence is less than 40 cm™!, ML-ECD vyields three bands: the rota-
tional band below 500 cm™?, the bending band between 1300 and
2000 cm™ !, and the stretching band between 3400 and 4000 cm” !},
which are in good agreement with the corresponding regimes where
exact line data fall in. ECD-1 shows an overall better performance for
the “envelopes” of the exact lines. In comparison to ECD-1 (as well
as exact data), classical MD also produces three bands, the stretch-
ing band (34004200 cm™") of which is significantly blue-shifted by
180 cm™' and the bending band does so by 30-40 cm™'. It
is evident that ML-ECD is capable of describing the rovibra-
tional motion and yielding reasonably accurate bands. Provided
that ML-ECD depicts both vibrational and rovibrational spectra

4000

practically well as shown in Figs. 3-8, ML-ECD (in which ECD-
1 is recommended) is anticipated to be useful to study vibra-
tional spectra in more complicated environment where both rota-
tional and translational motions are hindered, e.g., in solution or at
interfaces.

Despite the overall reasonably good performance of ML-ECD
methods, we note that ECD methods fail to describe true quantum
recurrence/rephasing effects’ ° in the quantum thermal correla-
tion function. In the simulation of the one-dimensional pure quartic
potential in Appendix B, despite that ECD works reasonably well for
short times for correlation functions (even of nonlinear operators),
it is incapable of capturing quantum recurrence/rephasing in longer
time. As shown in Figs. 3-7 and Table I, while ML-ECD methods
semi-quantitatively capture the large tunneling splitting of the tor-
sion motion (in the fundamental with the lowest frequency), which
is about 40-120 cm™', they are incapable of describing the tunnel-
ing splitting of any other fundamental, whose value is smaller than
20 cm™'. ML-ECD methods are not able to distinguish the symmet-
ric and asymmetric O-H (or O-D) stretching modes that are near-
degenerate in the peroxide molecule, e.g., the difference between the
two modes is less than 3 cm™! for D,0,. Distinguishing the small
distance in frequency between two peaks indicates accurate long
time quantum dynamics. The envelope of the ECD correlation func-
tion does not demonstrate rephasing behaviors for true quantum
coherence and deep tunneling splitting. Although long-time quan-
tum recurrence or rephrasing effects (often shown in small bounded

J. Chem. Phys. 154, 184104 (2021); doi: 10.1063/5.0046689
Published under license by AIP Publishing

154, 184104-11


https://scitation.org/journal/jcp

The Journal
of Chemical Physics

ARTICLE scitation.org/journalljcp

TABLE I. Peak positions of the H,O, molecule at different temperatures and isotope molecules of H, O, at 300 K. The spectra
calculated from ML-ECD simulations are accurate to 21 cm—*. PES is from Ref. 104 and “exact” results are from Ref. 97

(unit: cm—1).
Peak positions (cm ™ 1)
System ECD-1 ECD-2 MD NMA Exact
210/357 168/357 207/344 381.9 251.3/371.6
883 883 910.8 865.4/884.9
1262 1283 1307 1329.8 1267.8/1277.2
H;0; 300K 1388 1388 1437.2 1387.0/1402.4
3640 3640 3790 3807.7 3614.4/3631.4
3809.2 3625.1/3622.2
168/357 147/336 362 381.9 251.3/371.6
883 883 910.8 865.4/884.9
1262 1283 1323 1329.8 1267.8/1277.2
H>0, 100K 1388 1388 1437.2 1387.0/1402.4
3640 3619 3803 3807.7 3614.4/3631.4
3809.2 3625.1/3622.2
147/294 168/294 168/305 3347 234.2/313.9
883 883 909.6 876.5
988 988 999 1014.1 982.3
HDO, 300K 1346 1346 1386 1388.0 1349.5
2693 2693 2772 2774.9 2675.2
3619 3577 3790 3808.4 3622.9
147/252 147/252 149/249 279.4 214.9/254.2
883 883 908.6 877.4
946 946 967 983.8 948.2
D0, 300K 1031 1031 1052.7 1027.6
2693 2672 2769 2772.5 2675.6
2777.1 2676.3
189/357 189/357 176/349 380.3 250.8/369.7
841 841 858.9 825.7
18 1262 1262 1301 1322.7 1262.5
H; 702 300K 1388 1409 1431.1 1391.5
3619 3661 3779 3795.0 3611.0
3796.1 3613.5

systems) are often expected to be quenched by coupling among the
various degrees of freedom in condensed phase systems, ML-ECD
itself is incompetent in suggesting where these effects do become
important. Such problems related to the accuracy of long time quan-
tum dynamics present challenges for ECD and other trajectory-
based methods. As shown in Sec. II B, ECD involves only the zeroth
order term of an exact series of expansion of the phase space prop-
agator. It will be interesting as well as challenging to see whether
the drawbacks of ML-ECD methods can be practically improved for
realistic molecular systems in the future.
B(Mlherm)u

The N x N x N tensor { o
ECD equations of motion [Eq. (51) or Eq. (53)] proposed in

} is requested in the current

Sec. II B 2. Therefore, the numerical effort of each time step of
ECD is on the order N°. In comparison, the computational cost of
a time step in conventional molecular dynamics is from O(N) to
O(Nlog N), at most no greater than O(N?). For achieving more eco-
nomic computation cost on the order of O(N) or O(Nlog N), one
can certainly employ only the diagonal elements in the current ECD
equations of motion or utilize the strategy in Ref. 99, which parti-
tions the nuclear vibrational space into subspaces, but the accuracy
is anticipated to be decreased. In addition to these strategies, in the
category of ECD, there exist some other types of methods (in the
Wigner representation) that lead to a more economic scaling, as we
will investigate in the future.
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IV. CONCLUDING REMARKS

ECD is a category of phase space quantum dynamics methods
in the spirit of the continuity equation of probability distribution,
which maintains the stationarity of the quantum canonical distri-
bution and works well for quantum thermal correlation functions
even when nonlinear operators are involved. ECD is exact in the
harmonic and classical limits and includes only the zeroth order
propagator of a rigorous series expansion of the exact propagator.
In this paper, we demonstrate that machine learning implemen-
tation of ECD can be established by nontrivial extension of the
strategies in Deep Potential to fitting the effective force and effective
mass matrix from their path integral evaluations prior to integration
of the ECD equations of motion. Proof-of-concept applications of
ML-ECD to vibrational IR spectra of H,O, and the isotope
molecules as well as the rovibrational spectrum of H,O show that
ML-ECD methods are reasonably accurate with modest numerical
effort for complex realistic systems. In addition to Eqgs. (51) and (53),
there exist other possible choices for ECD. It will be interesting in
the future to extend the machine learning strategies in this paper to
develop even more efficient phase space quantum dynamics meth-
ods with reasonable accuracy for studying large molecular systems
at surfaces or in the condensed phase.

Along with recent progress on machine learning methods for
fitting dynamics-friendly potential energy surfaces from ab initio
data,” **®7* the strategies developed in this paper offer reduc-
tion in computation effort via machine learning for phase space
quantum dynamics. A combination of advances in fitting the

FIG. 8. The rovibrational IR spectra for H,0O at 300 K.

4200

ab initio PES as well as those in accelerating ECD equations of
motion will shed light on more numerically favorable approaches
on ab initio quantum dynamics in the phase space formulation.

SUPPLEMENTARY MATERIAL

See the supplementary material for consistency of ML-ECD
standard and Kubo-transformed correlation functions.
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APPENDIX A: SOLVING QUANTUM LIOUVILLE
DYNAMICS IN THE SPIRIT OF THE CONTINUITY
EQUATION

The essential task for evaluating the quantum thermal corre-
lation function is to numerically solve Eq. (19) or Eq. (21). This

J. Chem. Phys. 154, 184104 (2021); doi: 10.1063/5.0046689
Published under license by AIP Publishing

154, 184104-13


https://scitation.org/journal/jcp
https://www.scitation.org/doi/suppl/10.1063/5.0046689

The Journal
of Chemical Physics

is, however, inconvenient as well as far from trivial in the Eule-
rian viewpoint (involving partial derivatives at a fixed point in phase
space) for multi-dimensional systems. It is often more useful to
employ the Lagrangian viewpoint by introducing trajectory-based
dynamics. It is well known that Bohm’s formulation offers an exact
interpretation of quantum mechanics by employing an ensemble
of quantum trajectories, equivalent to solving the time-dependent
Schrodinger equation. Quantum Liouville dynamics, in principle,
can be solved in an exact fashion by an ensemble of (interacting)
trajectories,

1 e
Cap(t) = E/y(dXOdPO)PV‘}(XO;PO;O)fAVX(XO)p(ﬁO)glgv(xt;Pt; t),
(A1)

where p(dxodpo) stands for the invariant measure on the trajectory
space. Equation (A1) is open to any type of trajectory-based dynam-
ics. g’ (%, p,5 t) is often an explicitly time-dependent function along
the trajectory.

1. Perspective from ordinary differential equations

The exact formulation for the quantum thermal correlation
function [Eq. (31)] requests the solution to the partial differential
equation (PDE) [Eq. (21)]. If Eq. (21) can be replaced by

(9Bw(x, P; Z’)

20 ot - |5 o b o [B i)

ox TP 87p
(A2)

where the expression for the dynamical function at the very begin-
ning Bw(x,p;0) is obtained by Eq. (18) with t = 0, the explicit
formulations of the two ordinary differential equations (ODEs) for
x and p should then, in principle, ensure that the right-hand side
(RHS) of Eq. (21) is equal to that of Eq. (A2).

Consider the Wigner function for operator B = B(%) at time
t=0,ie, Bw(x,p;0) = B(x). Its exact evolution at time ¢ = 0 from
Eq. (21) states that

OBw(x,p;t) 7 -1 OB(x)

—_— =pM —=. A3
ot o P ox (43

Correspondingly, Eq. (A2) produces
OBw (x,p; t) 4. aB(x). (A4)

ot =0 0x

A reasonable option for the ODE for X satisfying Eq. (A3) then reads
x=M"'p. (A5)

It yields the ODE for p requested by

9 . 2 no o\l

p- —Bw(xp;t) = |~ V(x)sin[ 2 — - | [Bw(x.pit) (A6
P 5p P (o pst) [ p (X)sm(2 P ap)] w(xpst) (A6)

such that Eq. (21) is equivalent to Eq. (A2). When the RHS of
Eq. (A6) involves third and higher-order derivatives, the ODE for
P is often ill-defined. More generally, except for linear systems (such
as harmonic potentials), it is impossible to design a pair of ODEs
for {x, p} in Eq. (A2) to make Eqgs. (21) and (A2) equivalent. That is,
Eq. (A2) is doomed to be an imperfect approximation to Eq. (21) for
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general systems. There exist other options for the definition £, in
Eq. (A2). Aslong as only first derivatives of {B", %, p} over (x, p) are
included, the conclusion remains the same.

Provided that a pair of ODEs for {x,p} are well-defined in
the approximation Eq. (A2), it is trivial to obtain the solution to
Eq. (A2),

exp(Lont)Bw (%, p;0) = Bw (exp(Liont) %, exp(Liont)p;0) (A7)

= Bw(x:(xpst),p, (% s );0), (A8)

as long as there exists the uniqueness of the solution {x:(x, p; 1),
p:(x, p; )} to the two ODEs for {x, p}, which passes through any
specified phase point at given time .

On condition that Eq. (A7) holds, the approximation to the
quantum thermal correlation function Eq. (31) reads

Cas(1) z%/dxf dpAf,V(x,p;O)Bw(xt,pt;O). (A9)

The RHS of Eq. (A9) is straightforwardly evaluated by following the
trajectory (x;, pt), i.e., the solution to the pair of ODEs for {x, p}.

On the assumption that ﬂAﬁW(Q; 0)Bw (€;0) vanishes on the
boundary of (Wigner) phase space, the volume integral

f dﬂa% (948, (20)Bw (0:0))

volume

- ;ﬁ ds - (04, (0;0) By (2:0)) = 0.

surface

(A10)

Here, Sisa upit vector outward normal to the boundary, Q denotes
{x, p}, and Q denotes {x,p}. Provided that Eq. (A10) holds, an
equivalent expression for the RHS of Eq. (A9) is

Cup(t) ~ %fdxf dp[exp(ﬁcont)A[é\,(x,p;0)]Bw(x,p;0),

(A11)
where Lo is an operator adjoint to L, of Eq. (A2),1.e.,
AP Pt
% = [rconA/‘i/(X) p; t)

- [,% (%) - 8% . (P')]A@(X’P; f). (A12)

Note that the adjoint operators Lcon and L, are not anti-self-
adjoint. The RHS of Eq. (A12) contains only first derivatives, while
that of Eq. (19) often includes third and higher-order derivatives.
Except for linear systems, regardless of the expression of the pair
of well-defined ODEs for {x,p}, it is also unattainable to make
Eq. (A12) equivalent to Eq. (19). This states that Eq. (A11l) with
(A12) is, in general, an approximation to the quantum thermal cor-
relation function Eq. (8). A comparison between Eqgs. (A12) and (19)
sheds little light on any reasonable choice for the pair of ODEs for
{%, p}. The exception is that, when operator A = 1 is an identity oper-
ator in Eq. (A12), the analogy to the stationary condition of Eq. (32)
suggests the left-hand side (LHS) of Eq. (A12) should be zero, i.e.,

o . PN I .0) =
e (x) - % ) |53 (x, p; 0) = 0. (A13)
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We emphasize that Eq. (A13) is not equivalent to Eq. (32) whose
intrinsic dynamics depends on Eq. (19) although the stationarity in
Eq. (A13) also states

pw (X pst) = piy (%, p; 0). (A14)

When the ODE for X is chosen to be Eq. (A5), Eq. (A13) yields

Lo (xp0) D

T 1 w > eq .
M ————=—" ,p;0)p). Al5
P o op (PHCoBOR).  (AL9)
In many cases, various options are possible for the ODE for p

satisfying Eq. (A15).

2. A more general viewpoint from the continuity
equation

a. Probability distribution function
and the continuity equation

As long as the probability distribution function in phase space
P(Qst) can be defined, we have the conservation
f Q251 =1 allt (A16)

P(Q;1)dQ represents the probability of finding the system state

in the infinitesimal area dQ around the phase point € at time t.
[ dQP(Q;t) is then the probability in the volume. Q(Q; t) is the

volume

velocity (of the system) at a given phase point Q at time ¢. Assume
that no creation or annihilation occurs in the full space at any time.
The probability flowing in unit time through an element dS of the
surface bounding the volume is Z2(Q; t)Q(Q; t)-dS. The magnitude
of dS is equal to the area of the surface element and the direction
of dS is directed normally outward from the volume that the entire

surface encloses. Denote
(1) = 2(Q1)Q(0s1) (A17)

the probability current density. The total probability flowing out of
the volume (through the boundary) in unit time is

f ds-j(Qs 1),

surface

(A18)

The decrease in the probability in the volume per unit time is

a 7 .
- = f dQ2(Qs1).

volume

(A19)

The conservation of probability Eq. (A16) states that these two
quantities must be equal, i.e.,

f dQ[fg(@(Q;t)]: fds.j(n;t)

volume surface

volume

(A20)

Since Eq. (A20) must hold for any volume, it yields the continuity
equation
0 0
—P(Yt) = —— - j(Qs1).
o 2(51) j(@)

70 (A21)
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Substitution of Eq. (A17) into Eq. (A21) produces

X, p;t . .

% - [_Bax (%) - ({% . (P.)]gz(x,p; t)

= Leon @(X, p; t). (A22)
The Kolmogorov operator Lo, in the evolution of the probability
distribution Eq. (A22) contains only first derivatives, which is dif-
ferent from the Liouville operator in Eq. (19) that involves third
or higher-order derivatives in addition. The continuity equation
[Eq. (A21) or Eq. (A22)] always holds, independent of the expres-
sion of the correlation function Eq. (A1) and regardless of whether
deterministic or stochastic equations of motion [for Q(Q;t)] are
involved.

In quantum mechanics, the probability distribution func-
tion is well-defined in the coordinate space. That is, Z(x;t)dx
= (x|p(t)|x)dx is the probability of finding the system in the region
dx around the point x at time . The probability current density is

0 = (M7 Gop ). a2)
The conservation of probability
f &P(xt)=1  allt (A24)
yields the corresponding continuity equation
0700 - 0 ) (A25)

Due to the Heisenberg uncertainty principle, it is impossible to
define a joint probability function at the phase point (x, p) in quan-
tum mechanics. When the (Wigner) phase space is used, the sub-
tlety is that the Wigner density distribution function pyj (x, p; t)/Z
is not a probability distribution function, or in other words,
Py (x,p; t)dxdp/Z is not a probability. Even though the conserva-
tion

% f dx f dppi(xpst) =1 allt (A26)

holds, it does not ensure the corresponding continuity equation

Opid(x,pst a . o . e
WEERD |2 - o) im0

at any time ¢ in physics.

As trajectory-based dynamics is employed in multi-dimensional
systems, it is often necessary to define the probability distribu-
tion function for Monte Carlo as well as molecular dynamics tech-
niques. When the Wigner density function pj}(x,p;0) > 0, one
can use it as the initial probability distribution, ie., Z?(x,p;0)
= pia(x, p; 0)/Z, trajectory-based dynamics leads to the evolution of
the probability distribution governed by Eq. (A22), which does not
rely on the expression of the correlation function Eq. (A1) as well
as the formulation of the trajectory-based dynamics. Even though
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the initial probability is the same as the initial density distribu-
tion, the continuity equation that the probability evolution must
obey never reproduces the (generalized) Wigner-Moyal equation
[Eq. (19) or Eq. (20)] that governs the evolution of the (general)
density distribution, except for linear systems.

When the Wigner density function contains both positive and
negative values, one can divide the whole phase space into positive-
valued and negative-valued regions. The Wigner density function
on the boundary surface between a positive-valued region and

a negative-valued one is zero. (Consequently, AﬁW(Q;O) vanishes
on the boundary surface.) In a region where the Wigner density
function pj}(Q;0) is negative, one can define the initial probabil-
ity distribution function 2(Q;0) = —p}}(;0)/Z in this region.
It is easy to show that the overall probability in such a region

[ dQP(Q;t) is constant for all time, or equivalently, the con-

volume of
the region

tinuity equation still holds in this region. One can then use the
evolution of —22(Q;t) in the region as a starting point for study-
ing the evolution of the Wigner density distribution in the same
negative-valued region.

The conclusion also applies to the Wigner density distribu-
tion function as well as other types of density distribution func-
tions for nonequilibrium systems. Except for linear systems (such
as quadratic Hamiltonian systems), the continuity equation used for
the density distribution function in phase space™”'" [Eq. (A27)] is
not exact but an approximation. More accurately, Eq. (A27) involves
the zeroth order propagator of a rigorous series expansion of the
exact propagator, as shown in Sec. II B.

b. Equilibrium continuity dynamics

On condition that Eq. (A10) is satisfied, integration by parts
yields the operator adjoint to the Kolmogorov operator Lcon of
Eq. (A22), which is £, in Eq. (A2). Consequently, the Kolmogorov
operator Leon is not anti-self-adjoint in phase space. When no
trajectories cross with each other at any time, Eq. (A7) holds.

As the probability distribution evolves, the time-dependent
ensemble average of any property with the dual function By is

(Bw(0),,, = [ dx [ dp2(xpst)Bu (x.ps0).

It is equivalent to the average of the dynamical property along the
ensemble of trajectories in phase space,

(Bw(t)>en8:[dxf dp2(x, p; 0)Bu (x: (%, ps 1), p, (%, p3 1); 0).

(A28)

(A29)
When the equations of motion for the trajectory satisfy
0Z2(x,pst)
TP o, A30
5 (A30)
the probability distribution
P(x,p;t) = Peq(x%,p) = piy (%, p;0)/Z (A31)

is stationary. Or equivalently,

o . g .
LanPea(p) = | =50 (1) = 50 (8) | Paa(xp) =0 (43)

ARTICLE scitation.org/journalljcp

It is then easy to verify

Econ[g(x» p; t)fAvg(X’ p; t)] = ﬁeq(x,p)(fﬁ;r‘fg(x, p; t)) (A33)

Define the correlation function along the ensemble of trajectories in
phase space for Eq. (A30),

<f’IX(O)BW(t)>ens: fdxfdp‘@eQ(x’P)fXX(x>p;0)
x Bw(x(xp;t),p,(xp;£);0).  (A34)

Equation (A34) can be recast into

(4 @B (D), = [ ax [ dpexp(Lant)
% [ Peq(x.p)fas (%, :0) |Bw (x,p;0). (A35)

By virtue of Eq. (A33), we obtain from Eq. (A35) the following
equation:

(1 ©Bw(),,, = [ dx [ dp2u(xp)

x [exp(—ﬁzont)fAVX(x, P O)]Bw(x, p;0).
(A36)

The RHS of Eq. (A36) is equivalent to

(4 (-0Bw(0),,, = [ & [ dpZe(xp)
X fir (%o (o, ps =), p_, (% ps —1); 0)
x Bw (%, p;0) (A37)

after following Eq. (A7). Similarly, it is trivial to verify a more general
relation

<fAV/\3/(0)BW(t))mS = (fAVX(t,)BW(t’ + t))ens. (A38)

When fji = 1 is an identity property, Eq. (A36) states that
(Bw(t) )ens is time-independent, i.e.,

(Bw (D)., = (Bw(0)),,.- (A39)

Not less importantly, substitution of B = 1 into Eqgs. (A35) and (A37)
proves that the ensemble average

de/ dpeXp(ﬁcont)[yeq(X:P)fAvg(X’P;0)]
= {48 (D) gy = (a7 (O,

is invariant with time.
A general formulation for the equations of motion for (x;, pr)
reads

(A40)

k=M 'Pur(x,p,1),
{X #(5p:1) (A41)

p = Fer(x, p, 1),

where Peg(x, p, t) and Feg(x, p, t) are the effective momentum
vector and effective force, respectively. Equations (A31) and (A32)
request
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0 e _ 0 1.
e [pv‘c}(x, p;0)M IPeff(X, p,t)] +a—P . [pvg(x,p;O)Feff(x,p, t)] =0.
(A42)

Any deterministic or stochastic trajectory-based dynamics satisfy-
ing Egs. (A41) and (A42) falls into the category of equilibrium
continuity dynamics (ECD).

We then employ an ensemble of ECD trajectories to express
the quantum thermal correlation function. The initial phase point
(X0, p,) can be any point in the Wigner phase space and is sampled
from the initial probability distribution function Zeq(x0,p,). The
formulation of the quantum thermal correlation function Eq. (A1)
can be recast into

Can(t) = [ dxo [ dpyPaq (x0: 0 i (30, By30)

X [exp(ymodt)Bw(Xr,p,;O)], (A43)
with the modification propagator exp(Ymodt) defined by Eq. (41).
Because we have the modification propagator exp(Vmodat) = 1 in
the harmonic limit, the simplest reasonable approximation Eq. (42)
for general systems produces the approximate expression of the
quantum thermal correlation function,

Cas(t) » f dxo f APy Peq (X0, Py )fits (X0, Po3 0) Bw (%6, P, 0)

= (far (0)Bw(t)) (A44)

ens’

Equations (43)-(46) represent a series expansion of U(t)
= exp(L*t) = exp(Vmodt) exp(Lint), where ECD includes only the
zeroth order propagator. Other than simply postulating the conti-
nuity equation in quantum phase space or Eq. (A2), Appendix A 2
offers much more useful insight.

It is straightforward to show that the continuity equation
[Eq. (A22)] leads to

Peq(X0,P,)dXodpy = Peq(x1, p,)dx,dp,. (A45)
Thus, a time averaging can be employed
1 To o n ay
Can(t) = — f ar' (A(YB(Y +1)) (A46)
0 Jo
1 To 1w
N (TO ‘A dth;; (X[’, p[r;O)BW(Xt’H) pt:+t;0)> . (A47)

If the trajectory-based dynamics is ergodic for the system, the quan-
tum thermal correlation function can (approximately) be estimated
by several long time trajectories.

For the same reason discussed in Appendix A 2 a, it is easy to
extend ECD to the case in which the equilibrium Wigner density
function includes both positive and negative values. In each positive-
valued or negative-valued region, most equations stay the same. For
instance, the continuity equation in this case yields Eq. (A45) in each
region such that a more compact form in the whole Wigner phase
space is
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P (X0, Py ) dxodp, = piy (xi> p, ) dxedp,. (A48)

It is more convenient to employ independent rather than inter-
acting ECD trajectories for the approximate formulation Eq. (A44)
or Eq. (A47). In this paper, the deterministic equations of motion
for ECD in Eq. (A41) are employed, as it is warranted to recover
(deterministic) classical dynamics in the classical limit (A — 0).
Equation (A44) evidently yields exact results at time ¢ = 0. Consider
the short-time limit described in Eq. (A3) for the Wigner function
for the coordinate-dependent operator B = B(x). Equation (A5) is
requested in order to obtain the exact results in the short-time limit.
The ECD equations of motion Eqs. (A41) and (A42) become Eq. (34)
with the effective force obtained from Eq. (35). Evidently, various
options for the effective force satistfying Eq. (35) are possible.

APPENDIX B: FIRST ORDER CORRECTION
TO ECD DYNAMICS

Equation (45) with Eq. (46) forms an exact series expansion,
where ECD involves only the zeroth order term. We investigate the
influence of the first order correction of Eq. (45) on ECD dynamics.
We use the quartic potential U(x) = x*/4 with mass M = 1 as an
example where the exact operator £L* = —L is available,

LB= ﬁ@fx
M Ox

OB K O’B
P x——, (B1)
op 4 0p?
Note that when one-dimensional systems are considered, the equa-
tions of motion of ECD-1 occur to be the same as those of ECD-2,
which are

i- L
M (B2)
p _ 7Mtherm 8Vveff _ P2 8Mtherm _ 1 8Mtherm
M Ox  2Myy,M  Ox 28M  Ox

Exact data are obtained by the discrete variable representation
(DVR) method of Ref. 101 with 100 grids distributed in (-6, 6) in
the coordinate space. For ECD, we use 100 x 100 grids in phase
space, the range of position is x € (-3, 3), and the range of momen-
tum is p € (=6, 6). LGA with the thermal mass defined in Eq. (50) is
employed for the initial condition where the density matrix elements
in Eq. (50) are obtained from the DVR discussed above. The Crank-
Nicolson method'"” with a time step 0.1 a.u. is employed to propa-
gate the function B(x, p; t) for ECD dynamics as well as its first-order
correction. We study the position correlation function (%(0)%()) 4
position square correlation function (fcz(O)fcz(t))St o and Kubo-
transformed momentum correlation function (p(0)p(t) )y, at
B =8and at § = 1. Results are demonstrated in Figs. 9 and 10. In this
challenging example where no harmonic term exists in the potential
function, ECD works reasonably good for quantum thermal correla-
tion functions (of even nonlinear operators) for short times (e.g., in
the first period of oscillation of the correlation function). It is evident
that ECD fails to capture quantum recurrence/coherence in longer
time, e.g., as shown in Panel (b) of Fig. 10. Encouragingly, the first
order correction in Eq. (45) is able to systematically improve over
ECD in Figs. 9 and 10. The improvement is more pronounced at
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FIG. 9. The position autocorrelation function, position
square autocorrelation function, and Kubo-transformed
momentum autocorrelation function of 1D quartic potential
at = 8. “ECD-1st” represents the first-order correction to
ECDin Eq. (45).
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lower temperature, where quantum effects are often more signifi-
cant. It is expected from the exact series expansion of Eq. (45) that
higher order corrections will improve dynamics behaviors for longer
time. It will be interesting as well as challenging in the future to
investigate how to utilize the correction strategy for general large
molecular systems.

APPENDIX C: A GENERAL FORMULATION
FOR THE DESCRIPTOR

Consider the triatomic molecule H,O. Denote the vector from
the O atom to one H atom r; and that from the O atom to the other
H atom r,. If we use Eq. (59) to describe the tensor feature of atoms,
the feature of atom O reads

—Im 12 m
Do =5 % Gon (s(17)) Gon (s(r)) (xjri + xiex ),
k=1

(C1)
l=1,...,M1, m:I,...,Mz.
When r; = r, = r, the feature of atom O becomes
<>Im m
Do = GIOH(s(r))GOH(s(r))(rlrlT + rlr; + rzrlT + rzrzT)
= Gou(s(r))GBi(s()) (11 +12) (11 +12) €2)

l=1,...,M1, m=1,...,M2
whose rank is always 1, while the rank of the tensor property of inter-
est may be larger than 1. Thus, it buries over-redundant symmetry
that impairs the competence of description in the machine learning
model and causes incontinuity.

In contrast, when Eq. (61) is employed to describe the tensor
feature of atoms, the feature of atom O is

Py 1 2 I
Do = 3 Z Gonn (s(rj), s(rx), cos Gojk)(rjr,f + rkro),
k=1 (C3)
I=1,...,F.

Denote the HOH angle 8 = o1 = 6ox = rlTrz/(rlrz). Since
cos o1 = rlTrl/(rlrl) = cosBoxn = rzTrz/(rzrz) =1, whenr =n
= r, the feature of atom O will be

I
30 = GIOHH(s(r),s(r), 1)(r1r1T + rzrzT)

+ GIOHH(s(r),s(r),cos G)(rlrzT + rzrlT), I=1,...,F (C4)

whose rank is not 1 for general cases. This offers a more powerful
and useful description than Eq. (59) does.

It is well known that high symmetry points in realistic molec-
ular systems often cause problems in fitting the PES (a scalar
function), especially when the PES is used for quantum dynam-
ics for scattering reactions and (vibrational) spectra. Such problems
could be more severe for vector and tensor properties. The H,O
case described above is a simple example of many high symmetry
points in realistic molecular systems. There exists no guarantee that
Egs. (56) and (59), or Egs. (60) and (61), offer a complete repre-
sentation. While Eqgs. (56) and (59) of the Deep Potential scheme
is rather naive, Egs. (60) and (61) are more useful but will also fail
when higher symmetry is encountered. It is expected that Eqgs. (56)
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and (59) or Egs. (60) and (61) are not as accurate as the permuta-
tion invariant polynomial NN and fundamental invariant NN’%"*
(which are much more computationally expensive) for fitting the
ab initio PES for quantum reactive scattering calculations.'”” Despite
that such problems may probably be alleviated in condensed phase
systems, the influence of high symmetry points and other demand-
ing characteristics can sometime become significant, especially when
properties such as nonlinear response functions are studied. The
electronic polarizability is an example. That the peak position of
the high-frequency O-H stretching band of the Raman spectrum
produced by DPMD in Ref. 73 is in good agreement with experi-
ment simply suggests the failure of either the Deep Potential fitting
scheme or the empirical functional of DFT used in the literature
in describing the high-frequency vibrational motion. The peak of
the high-frequency stretching band yielded by MD should always
be blue-shifted from the exact value (i.e., the experiment value),
as well explained in Refs. 14, 15, and 93. Any triumph claimed
based on reproducing the high-frequency band of the experimen-
tal vibrational IR or Raman spectrum with MD simulations only
indicates over-fitting of the functional or/and PES in the wrong
direction.

It will probably be useful to develop a unified formulation of the
Deep Potential scalar descriptor with the hierarchy of expansion,

Ni
Di = D", (C5)
n=2

where Nj is the total number of neighbor atoms for atom i and the
n-neighbor term for the environment of atom i is defined by

= (n),l >~ (n),l
D= 3 G, (s(ri) b {65 })  (CO)
]

Ju2se -

T
2. Tiji Lijy |> (C7)
all pair combinations
in the n neighbors

with 7ij, = |rij| the distance between atom i and atom ji, and
0ij.j, = arccos (I‘ijl‘i,jm/ (tijtij,)). The n-neighbour local embed-

ding function G(n) is an NN function, which takes n + @ inputs

({s(rij,)} and {6:j,,}) and yields F outputs and whose parame-
ters are dependent on the types of atom i, atom ji, atom j, . . ., and
atom ji,.

Similarly, the hierarchy of expansion for the second-order
tensor descriptor reads

!l Ni(n)l
B-5 B (c8)
n=2
with

<« (n),l

7~ ~(n),l

B - Y G () B ()

Jisfare-fin

T T
(ri)jml‘i)jk +l‘j,jkri,jm) . (ClO)
all pair combinations

in the n neighbors
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While the two-neighbor terms D" for the scalar and D;
for the second-order tensor can be equivalent to Egs. (60) and (61),
respectively, many-neighbor terms take care of higher symmetry
points and many-body effects. Truncation in Eq. (C5) or Eq. (C8)
often leads to higher numerical efficiency as long as convergence of
error is accepted.
In addition to Egs. (C5) and (C8), the Deep Potential descriptor
for higher-order tensor features of atoms can be constructed in an
analogous fashion.
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