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ABSTRACT: The constraint coordinate−momentum phase space (CPS) has recently
been developed to study nonadiabatic dynamics in gas-phase and condensed-phase
molecular systems. Although the CPS formulation is exact for describing the discrete
(electronic/vibrational/spin) state degrees of freedom (DOFs), when system−bath
models in condensed phase are studied, previous works often employ the approximation
by discretizing environmental bath DOFs. In this paper, we develop an exact trajectory-
based phase space approach by adopting the twin-space (TS) formulation of quantum
statistical mechanics, in which the density operator of the reduced system is transformed
to the wave function of an expanded system with twice the DOFs. The classical
mapping model (CMM) is then used to map the Hamiltonian of the expanded system
to its equivalent classical counterpart on CPS. To demonstrate the applicability of the
TS-CMM approach, we compare simulated population dynamics and nonlinear spectra
for a few benchmark condensed phase system−bath models with those obtained from
the hierarchical equations of motion method, which shows that our approach yields accurate dynamics of open quantum systems.

■ INTRODUCTION
Coordinate−momentum phase space formulation of quantum
mechanics offers an exact interpretation of quantum systems by
mapping quantum operators to continuous-variable functions
on phase space.1−14 It provides a unified framework to
investigate quantum effects by bridging quantum and classical
counterpart concepts. Beyond conventional coordinate−
momentum phase space formulation with infinite boundary
for describing systems with continuous variables,1−7,15−23 the
generalized coordinate−momentum phase space formula-
tion,11−14,24−30 which employs CPS with coordinate−momen-
tum variables for depicting discrete states, has recently been
constructed as a rigorous representation for nonadiabatic/
composite systems, which involve both continuous variables for
nuclear DOFs or relatively low-frequency modes and discrete
state DOFs that are not necessarily limited to electronic/
vibrational/spin/orbital levels. It offers a fundamentally different
route from the Schwinger angular momentum theory31,32 for
deriving the renowned Meyer−Miller−Stock−Thoss (MMST)
mapping model,33−35 which brings the new physical insight that
phase space parameter γps of the electronic DOFs (i.e., F discrete
state DOFs) of the model ranges from −1/F to +∞ and goes
beyond the meaning of the zero-point-energy parameter for the
mapping harmonic oscillator originally interpreted by the
MMST model.24,26−28 Even more generally, refs 24, 26 and 28
indicate that phase space parameter γps is only a special case of
the commutator matrix, where CPS with commutator variables

is diffeomorphic to the complex Stiefel manifolds U(F)/U(F −
r) (with 1 ≤ r < F).12,14,36,37 The generalized coordinate−
momentum phase space formulation by Liu and co-workers has
been used to develop nonadiabatic field (NaF),13,30,37 a
conceptually new practical approach with independent
trajectories for nonadiabatic transition dynamics beyond
conventional surface hopping38 and Ehrenfest-like dynam-
ics,33,35,39,40 which performs consistently well in both non-
adiabatic coupling and asymptotic regions of nonadiabatic
transition processes in gas-phase as well as condensed-phase
systems.
When applied to condensed-phase open quantummodels, the

main difficulty of aforementioned phase space approaches is the
dramatically increased number of continuous-variable DOFs
due to the environment such as solvent. To alleviate the
computational cost, a commonly used strategy is to treat the
environment as a heat bath and the relevant DOFs of interest as
a discrete-state system.41,42 One then obtains a reduced
description of the system (where only discrete state DOFs are
included) by tracing out bath DOFs, which is often referred to
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the quantum master equation (QME) approach.43,44 The well-
known QME approaches include the Redfield theory for the
Markovian bath45 and the numerically exact hierarchical
equations of motion (HEOM) for the non-Markovian
bath.46−49 These approaches have been employed to investigate
various chemical problems such as the chemical reaction
rate,50−53 electron, exciton, or energy transfer,27,28,37,54−58 and
photoinduced nonadiabatic transitions.59−62

When the system of the system−bath Hamiltonian model
includes both discrete electronic states and only one (or two)
continuous nuclear variable(s), it is possible to describe the
reduced system by using grids on conventional (Wigner) phase
space (of the one or two nuclear variable(s)) for each electronic
state. Tanimura and co-workers have developed the quantum
hierarchical Fokker−Planck equation and its multistate
extensions, as the generalization of HEOM for treating open
quantum systems.63−65 Such an approach has been applied to
the investigation of conical intersection,66 photodriven ratchet
dynamics,67 and multidimensional electronic and vibrational
spectroscopy.68−70 However, due to the explicit storage of
Wigner phase function and iterative propagation of the kinetic
equations, the approach is computationally demanding. Only
when the number of electronic states is small and the number of
nuclear DOFs of the reduced system is one or two, it is feasible
to apply the approach.
Several other numerically exact approaches71−75 treat the

open quantum system as a closed system by parametrizing bath
DOFs as a set of virtual modes based on some prechosen
distributions. These approaches then deal with the effective
closed system. When this technique is applied, the time
irreversibility of open quantum systems is not rigorously
maintained. The technique has been shown to work well for
the simulation of short-time dynamics, but the number of bath
DOFs should be increased with caution to obtain numerically
converged results for long-time dynamics. When the generalized
coordinate−momentum phase space formulation11−14,24−29 is
applied to benchmark open quantum systems,11−13,26−28,37 the
technique is also implemented.
The central goal of this work is to develop an exact trajectory-

based phase space approach for open quantum systems. To this
end, we first employ the twin-space representation of quantum
statistical mechanics, where the density operator of the reduced
system is transformed to the wave function in an expanded
system with twice the DOFs.76−78 In this framework, the
dynamical equation for the density matrix is reformulated into a
Schrödinger-like equation with a complex-valued effective
Hamiltonian. We then adopt the CMM of the CPS formulation
to map the Hamiltonian of the expanded system to its equivalent
counterpart on quantum phase space with coordinate−
momentum variables. The calculation of time-dependent
density matrix and multitime correlation functions follows the
general framework of CMM by properly defining operators in
the twin-space. Our approach combining twin-space represen-
tation and CMM is formally exact without invoking additional
approximations, yielding correct long-time dynamics as
compared to HEOM. The application in the simulation of
population dynamics and nonlinear spectra for a few benchmark
condensed phase model systems demonstrates the long-time
accuracy of our approach.

■ METHODOLOGY
Throughout this work, we set the reduced Planck constant ℏ = 1
and the Boltzmann constant kB = 1.

The Liouville Space in Twin-Formulation. Let us define a
double Hilbert space, also referred to as Liouville space,

= , where is the Hilbert space of a real physical
system and is the Hilbert space of a fictitious system identical
to the original physical system. We introduce the orthonormal
basis of , kl{| }, with following relations

kl k l kl kl, 1kk l l
kl

| = | | =
(1)

where |k⟩ k( )| is the orthonormal basis of the Hilbert space
( ). The identity vector |I⟩ is defined as

I kk
k

| = |
(2)

which establishes a mapping between the physical space and
fictitious tilde space

k I k k I k,| = | | = | (3)

For any operator A acting in the space, one can associate a
vector in the space

A A I kl kl A I k A l kl

A kl

kl kl

kl
kl

| = | = | | | = | | |

= |
(4)

which means that the vector |A⟩ can be represented as a linear
combination of basis sets kl| of with coefficients given by Akl.
For the ease of later derivation, we introduce the projector
operatorOkl = |k⟩⟨l| in the space, which can be represented as
a vector in the space as

O k l I klkl| = | | = | (5)

We further introduce a state vector |ρ(t)⟩ = ρ(t)|I⟩, where ρ(t) is
the density matrix of the system. The expectation value of A can
then be defined as the scalar product

A A t I A t I A t( ) ( ) tr( ( ))= | = | | = (6)

Following the formalism of Suzuki,79 for each Hermitian
operatorA in the physical space, we define a tilde operator Ã that
is weakly equivalent to A as

A I A I A A| = |† † (7)

Since A is a Hermitian operator, we have

A A (8)

By employing the tilde conjugation rule, one obtains following
relations

AB AB

c A c B c A c B

( )

( )1 2 1 2

=

+ = * + * (9)

For the commutator of any two operators in the space, [A, B]
= AB − BA, we can reformulate it in the twin-space. For this
purpose, we set A A A= †, then
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AB I A A B I

AB BA I

AB BA I

A B I

( )

( )

( )

,

| = |

= |

= |
= [ ]|

†

†

(10)

proving the following property

A B AB,[ ] (11)

The above equation allows us to rewrite the Liouville equation
into a Schrödinger-like equation as

t H t H H t( ) i ( ) i( ) ( )t| = | = | (12)

Reduced Density Matrix Dynamics and Its Twin-Space
Representation. We consider a typical system−bath model
with the Hamiltonian

H H H Htot s b sb= + + (13)

The first term Hs is the Hamiltonian of the electronic system

H j j j j
j

F

j
j j

jjs
1

= | | + | |
= (14)

where εj is the energy of the j-th state, and Δjj′ is the interstate
coupling. The second term is the Hamiltonian of the heat bath

H
p x

2 2j

F

l

jl jl jl
b

1

2 2 2i

k

jjjjjjj
y

{

zzzzzzz= +
= (15)

where pjl, xjl, and ωjl are the dimensionless momentum,
coordinate, and frequency of the l-th mode of the j-th bath.
The third term is the system−bath interaction Hamiltonian

H V g x
j

F

j
l

jl jlsb
1

=
= (16)

with Vj being the system operator, and gjl the coupling strength
between the j-th state and the l-th bath mode which can be
specified by the spectral density

J
g

( )
2

( )j
l

jl

jl
jl

2

=
(17)

The bath correlation function, which characterizes the effect of
the bath on the electronic system, can be defined as

C t J t t( ) d ( ) coth
2

cos( ) i sin( )j j0

Ä

Ç
ÅÅÅÅÅÅÅÅÅ

i
k
jjj y

{
zzz

É

Ö
ÑÑÑÑÑÑÑÑÑ

=

(18)

with β = 1/T being the inverse temperature. In this work, we
adopt the Drude spectral density

J ( )
2

j
j j

j
2 2=

+ (19)

where λj is the reorganization energy, and γj is the inverse
correlation time of the j-th heat bath, respectively. For the Drude
spectral density, one obtains the bath correlation function
analytically by using the Pade ́ spectral decomposition80

C t

c

( ) cot
2

i e
4

e

e

j j j
j

j j
t j j

l

K
l l

j l
t

k

K

jk
t

1
2 2

0

j

l

jk

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ
i
k
jjjjjj

y
{
zzzzzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ
=

=

=

=
(20)

where ηl and νl are the coefficient and frequency of the l-th (l = 1,
..., K) Pade ́ term, respectively. We can then derive HEOM that
consists of the following set of equations of motion for the
auxiliary density operators (ADOs)47

t H n t

V t

n c V t

c t V

( ) i ( )

i , ( )

i ( ( )

( ) )

n n n n

n e

n e

n e

t
j

F

k

K

jk jk

j

F

k

K

j

j

F

k

K

jk jk j

jk j

,..., s
1 0

,...,

1 0
, ,

1 0
, ,

, ,

F F

j jk

j jk

j jk

1 1
= [ + ]

[ ]

*

×

= =

= =
··· + ···

= =
··· ···

··· ··· (21)

Here, ejk is the unit vector along the jk-th direction, and we have
introduced abbreviationHs×ρ = [Hs, ρ]. Each ADO is labeled by
the index nj = (nj0, ···, njK), where each element takes a non-
negative integer value. The ADO with all indexes equal to zero,
ρ0,···,0, corresponds to the density operator of the reduced
electronic system, while all other ADOs are introduced to take
into account nonperturbative and non-Markovian effects.
The twin-space representation can be applied to open

quantum systems by replacing the density operators and
superoperators with corresponding wave functions and
operators in the twin-space. Following ref 77, one can derive a
set of equations of motion for the auxiliary state vectors in the
twin-space analogous to ADOs in eq 21

t H n t

V V t

n c V c V t

( ) i ( )

i ( ) ( )

i ( ) ( )

n n n n

n e

n e

t
j

F

k

K

jk jk

j

F

k

K

j j

j

F

k

K

jk jk j jk j

, ..., s
1 0

,...,

1 0
, ,

1 0
, ,

F F

j jk

j jk

1 1
| = [ + ]|

|

* |

= =

= =
··· + ···

= =
··· ···

(22)

To further simplify the structure of HEOM, we introduce a set of
vectors |n⟩ = |n10n11···n1Kn20···nFK⟩ and their corresponding
bosonlike creation-annihilation operators bjk+ , bjk−

n n e

n n e

n n

b n

b n

b b n

1jk jk jk

jk jk jk

jk jk jk

| = + | +

| = |

| = |

+

+
(23)

and the vector

nt t( ) ( )
n

n| = | |
(24)
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Equation 22 can be recast in a compact form

t H b b

V V

n
b

n c V c V b t

H t

( ) i

i
( )

1

i ( ) ( )

i ( )

t
j

F

k

K

jk jk jk

j

F

k

K
j j

jk
jk

j

F

k

K

jk jk j jk j jk

s
1 0

1 0

1 0

eff

| = [

+

* ]|

= |

= =

+

= =

+

= =

(25)

Heff can be regarded as the effective Hamiltonian of the
expanded system in the twin-space, and |ρ0(t)⟩ = ⟨0|Φ(t)⟩
Within the twin-space representation, the linear response

function is defined as81,82

R t

0

( ) ( i) Tr e (0)

( i) e (0)

H t

H t

1
i

tot

i

tot

eff

= { }

= | | |

××

(26)

where ρtot(0) is the initial density operator of the total system, μ
is the transition dipole operator, and μ̂ is the twin-space
expression of the commutator μ×. The third-order response
function is defined as

R t t t

0

( , , ) ( i) Tr e e
e (0)

( i) e e e
(0)

H t H t

H t

H t H t H t

3 3 2 1
3

4
i

3
i

2
i

1 tot

3
4

i
3

i
2

i
1

tot 3 tot 2

tot 1

eff 3 eff 2 eff 1

= {
}

= | | |

× ×

×

× ×

×

(27)

The rephasing and nonrephasing parts of 2D spectrum are
defined by

I t t t R t t t( ; , ) Im d d e ( , , )t t
R 2 3 1

0
3

0
1

i i
3 3 2 1

3 3 1 1=

(28)

I t t t R t t t( ; , ) Im d d e ( , , )t t
NR 2 3 1

0
3

0
1

i i
3 3 2 1

3 3 1 1= +

(29)

with Im denoting the imaginary part.
There are two main advantages of the twin-space

representation of open quantum systems. The first is that the
twin-space formalism is exact without invoking additional
approximations and universal to any types of QME. The effect
of the heat bath is implicitly encoded in the effective
Hamiltonian Heff , which maintains the time irreversibility of
quantum statistical mechanics. The second is that it is a full wave
function based formalism, which facilitates the utilization of
wave function based approaches.
Classical Mapping Model. Consider a multistate Hamil-

tonian

H H n m
n m

F

nm
, 1

= | |
= (30)

The CPS formulation maps the F-state system onto the
constraint coordinate−momentum phase space where the
constraint reads

x p
x p

F( , ):
( ) ( )

2
(1 )

n

F n n

1

( ) 2 ( ) 2

ps

i

k
jjjjjj

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ
y

{
zzzzzz

+
+

= (31)

Here {x, p} = {x(1), ..., x(F), p(1), ..., p(F)} are the mapping
coordinate and momentum variables for the F discrete states,
and γps ∈ (−1/F, ∞) is a phase space parameter defined for
CPS.24,26,27

For any system operator A, its corresponding phase space
function reads

x p x pA AK( , ) Tr ( , )ps = { } (32)

where the mapping kernel K(x, p) is defined as

x pK
x p x p

n

m

( , )
( i )( i )

2n m

F n n m m

nm
, 1

( ) ( ) ( ) ( )

ps

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ
= + |

|
=

(33)

The mapping Hamiltonian, i.e., the phase space function of eq
30 then reads24,37

x pH
x p x p

H

( , )
( i )( i )

2n m

F n n m m

nm nm

CMM
, 1

( ) ( ) ( ) ( )

ps

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ

= +

=

(34)

In CMM of the CPS formulation, the time correlation
function of two system operators A and B is defined as

x p x p x p

C t A B t

F A B

( ) Tr (0) ( )

d d ( , ) ( , )
x p

AB

t t( , )
ps ps

= { }

=
(35)

where B(t) = exp(iH†t)B exp(−iHt) is the Heisenberg operator
of B, and

x p x pB K B t( , ) Tr ( , ) ( )t tps
1= { } (36)

with the inverse mapping kernel

x pK

F
F

x p x p

F
n m

( , )

1
(1 )

( i )( i )
2

1

1

n m

F n n m m

nm

1

, 1 ps
2

( ) ( ) ( ) ( )

ps

ps

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅÅ É

Ö

ÑÑÑÑÑÑÑÑÑÑÑÑ

=

+
+

+

+
| |

=

(37)

The equations of motion for phase space variables (xt, pt) are
governed by Hamilton’s equations of motion for the mapping
Hamiltonian HCMM(xt, pt)

x x p

p x p

H

H

( , )

( , )

p

x

t t t t

t t t t

CMM

CMM

t

t

=

= (38)

It is straightforward to verify that CMM leads to exact dynamics
for the pure F-state quantum system.11,12,24,26,27

The CMM approach can be directly applied to the twin-space
representation of the expanded system characterized by the
effective HamiltonianHeff of eq 25. To obtain the time evolution
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of the reduced density matrix ρmn(t) = ⟨m|ρ0(t)|n⟩, we set the
twin-space operators as

A B O O0 0 0 0(0) (0)
j

jj mn0 0= | | | | = | | | |

(39)

The time correlation function of two operators Â and B̂ can be
written as

C t A B

O

O

O O

t t

t

0 0 0

0

0 0 0

0

( ) Tr e e

Tr (0) (0) e

e

e (0) (0) e

( ) ( )

( )

AB
H t H t

j

H t
jj

mn
H t

mn
H t

j

H t
jj

mn
j

jj

mn

0 0

0 0

i i

i

i

i i

eff eff

eff

eff

eff eff

= { }

= {| | | | | |

| | }

= | | | | | | |

|

=

=

†

†

†

(40)

where we have used the property of population constraint
∑jρjj(t) = 1 and the cyclic invariance of trace operation. We can
thus evaluate eq 40 following general procedure of the CMM
approach by first propagating the trajectories with twin-space
HEOM in eq 25, and then averaging with eq 35.
The linear response function of eq 26 can be directly

calculated from eq 40 by setting

A B O0 0 0 0(0) (0)
j

jj0 0= | | | | = | | | |

(41)

To evaluate third-order response function of eq 27, we first
perform a factorization as

R t t t t t( , , ) ( i) ( ) e ( )H t
3 3 2 1

3
de 3

i
ex 1

eff 2= | | (42)

where |ϕex(t1)⟩ and ⟨ϕde(t3)| are referred to as excitation and
detection states, respectively

t

t

0

0

( ) e (0)

( ) e

H t

H t

0ex 1 2
i

1

de 3 4
i

3

eff 1

eff 3

= | |

| = | | (43)

For the excitation state |ϕex(t1)⟩, we represent it as a linear
combination of complete basis sets of twin space kl| and
hierarchy vector |n⟩ as

n nt kl t kl( ) ( )
n kl

ex 1 ex 1| = [ | | ]| |
(44)

where the coefficients n kl t( )ex 1| | can be constructed from eq
40 by properly assigning operators Â and B̂ as

n

A

B O O

0 0

0

(0) (0) ,

j
jj kl

0 01

2

= | | | |

= | | | |
(45)

This process of constructing coefficients iterates over all the
twin-space basis kl| and hierarchy vector |n⟩ at all possible
values of t1. It should be noted that the same phase space
trajectories can be reused for all the construction process to
reduce the computational cost. Following the same procedure,
we represent the detection state as

n nt t kl kl( ) ( )
n kl

de 3 de 3| = [ | | ] | |
(46)

where the coefficients nt kl( )de 3 | | are constructed using
following operators Â and B̂ in eq 40

nA O B O0 0 0(0)kl
j

jj03 4= | | | | = | | | |

(47)

Finally, eq 42 can be calculated from eq 40 by setting

A t B O t0 0( ) (0) ( )
j

jj0ex 1 de 3= | | | = | | |

(48)

In the calculation of third-order response function, we just need
to propagate phase-space trajectories once, and the same
trajectories can be reused for the construction of excitation and

Figure 1. Time evolution of ρnm(t) = ⟨n|ρs(t)|m⟩ of the spin-boson model calculated by CMM (solid line) and HEOM (dotted line) approaches. Re
and Im denote the real and imaginary parts, respectively.
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detection states. The computational costs of CMM-HEOM and
HEOM methods are N N( )ttraj and N( )t

3 , respectively, where
Ntraj is the number of trajectories, and Nt is the number of time
points. Thus, CMM-HEOM is more preferred method when
calculating nonlinear response functions.
We also note that the definition of |ϕex(t1)⟩ and ⟨ϕde(t3)| is

similar to that of doorway and window operators in the
doorway-window representation of nonlinear response func-
tion.83−87 The formulas can be further simplified by employing
double sided Feynman diagrams of the different Liouville
pathways whenever necessary.88,89

■ RESULTS AND DISCUSSION
We demonstrate the accuracy of the twin-space representation
of CMM for a few benchmark condensed phase model systems.
The reference results are obtained by directly solving HEOM
without conducting classical mapping. Throughout this work,
we fix the phase space parameter γps = 1 in CMM unless
otherwise specified. We note that any parameter value in the
region (−1/F, ∞) leads to the same results because the twin-
space representation of CMM in the paper is exact. In the rest of
the work, we use CMM to denote the twin-space representation
of CMM for simplicity. For CMM, all simulations employ ∼105
trajectories to get fully converged results.
Spin-Boson Model. The spin-boson model depicts a two

state system linearly coupled to an ensemble of harmonic
oscillators; its system Hamiltonian reads

H
2

z
z x xs = +

(49)

The system−bath interaction operator is chosen as V = σx. We
set ωz = ω0 and ωx = 0.5 ω0 using ω0 as the unit. For the bath
parameters, we choose λ = 0.5, and consider two sets of γ and β:
(a) γ = β = 3, and (b) γ = β = 6. Depending on γ and β, the

number of Pade ́ frequency terms is varied from 5 to 10, and the
number of hierarchies is varied from 5 to 10.
Figure 1 shows the time evolution of ρnm(t) = ⟨n|ρs(t)|m⟩ for

the initial state of ρs(0) = |2⟩⟨2|. It is found that our approach
yields dynamics in perfect agreement with those from HEOM,
illustrating the validity of the twin-space representation of
CMM. To further test our approach, we present the rephasing
(R) and nonrephasing (NR) parts of two-dimensional electronic
spectra at population time t2 = 0 calculated by CMM and
HEOM approaches in Figure 2. We employ eqs 27 and 42 to
calculate the third-order response function via HEOM and
CMM approaches, respectively. The transition dipole operator
is chosen as μ = |1⟩⟨2| + |2⟩⟨1|, and other parameters are the
same as Figure 1b. As displayed in Figure 2, our approach
reproduces exact spectra.
Singlet-Fission Model. Singlet-fission is an exciton multi-

plication process where an excited singlet state generated by
irradiation is converted to two triplet excitations. The singlet-
fission model that we consider contains 4 electronic states: an
electronic ground state S0, a high-energy singlet state S1, a
charge-transfer state CT, and a multiexciton state ME. The
system Hamiltonian reads

H j j S CT CT ME

h.c.

j
js

S ,S ,CT,ME
1

0 1

= | | + [| | + | |

+ ]

=

(50)

where the site energies εj and interstate coupling Δ are taken
from ref 90, and h.c. denotes Hermitian conjugate. The singlet-
fission model has explicitly been tested by HEOM and NaF
approaches in refs 11, 13, 28 and 37. The system−bath
interaction operator is chosen as Vj = |j⟩⟨j| (j = S1, CT, andME),
and bath parameters are λ = 0.1 eV and γ = 0.3 eV.

Figure 2. Rephasing (R) and nonrephasing (NR) parts of two-dimensional electronic spectra calculated by CMM and HEOM approaches. The other
parameters are the same as Figure 1b.
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Figure 3 shows population dynamics of the singlet fission
model at temperatures of (a) 300 K and (b) 3000 K, using ρs(0)
= |S1⟩⟨S1| as the initial state. The CMM approach is capable of
capturing the correct short-time as well as long-time dynamics.
One can clearly observe that the oscillation between S1 and CT
states within the first 30 fs disappears as the temperature
increases from 300 K to 3000 K. We also calculate the transient
absorption (TA) spectrum, which can be obtained from the
third-order response function as

I t t R t t( , ) Im d e ( , , 0)t
TA

0
3

i
3 3

3=
(51)

In the singlet fission model, since only S1 state is optically bright,
the transition dipole operator can be chosen as μ = |S0⟩⟨S1| + |
S1⟩⟨S0|. The TA spectra at 300 K and 3000 K are plotted in
Figures 4 and 5, respectively. In both figures, the spectrum
reflects the population dynamics as shown in Figure 3. The
spectrum calculated from the CMM method matches perfectly
with that from the HEOM approach.
Seven-Site Model for the Fenna−Matthews−Olson

Monomer. The Fenna−Matthews−Olson (FMO) protein
complex is a prototype system to study the excitonic energy
transfer process in photosynthetic organisms. We consider the
exciton model of apo-FMO complex;56 its system Hamiltonian
can be written as

Figure 3. Population dynamics of the singlet-fission model at temperatures of (a) 300 K and (b) 3000 K. Solid and dotted lines correspond to the
results obtained from CMM and HEOM approaches, respectively.

Figure 4. TA spectrum of the singlet fission model at 300 K calculated from (a) CMM and (b) HEOM approaches, respectively. Other parameters are
the same as Figure 3a.
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H j j j j
j

F

j
j j

jjs
1

= | | + | |
= (52)

with εj being the excitation energy of the jth site and Δjj′ the
interstate couplings. Each site is coupled to an individual bath,
i.e., Vj = |j⟩⟨j|. The bath parameters are λj = 35 cm−1, γj = 100
cm−1, and temperatureT = 77 K. The number of Pade ́ frequency
terms is 1, andHEOM is truncated at the hierarchy level of 10. In
Figure 6, we plot the population dynamics up to 9 ps for the
initial state of ρs(0) = |1⟩⟨1|, demonstrating that the CMM
approach reproduces exact short time dynamics as well as long-
time steady state. The corresponding coherence dynamics is
presented in Figure 7.
We also calculate two-dimensional electronic spectrum

(2DES) to reveal the excitation energy relaxation process of
the FMO complex. To simulate 2DES, one needs to include the
two-exciton states (|jk⟩), which represent the simultaneous
excitation at two sites, into the system Hamiltonian, i.e.

H g g H Hs g 1ex 2ex= | | + + (53)

Here, |g⟩ denotes the ground state, H1ex is the one-exciton
Hamiltonian as defined in eq 52. The two-exciton Hamiltonian
H2ex can be constructed by considering following relations

91,92

jk H jk j H j k H k2ex 1ex 1ex| | = | | + | | (54)

ij H kl j H l j H k

i H l j H k

(1 ) (1 )

(1 ) (1 )

ik jl il jk

jk il jl ik

2ex 1ex 1ex

1ex 1ex

| | = | | + | |

+ | | + | | (55)

where δjk is the Kronecker delta. The transition dipole operator
is the sum of one- and two-exciton contributions:

1ex 2ex= + (56)

Here, μ1ex is the one-exciton contribution as defined by

j g h.c.
j

j1ex = | | +
(57)

Figure 5.TA spectrum of the singlet fissionmodel at 3000 K calculated from (a) CMMand (b)HEOMapproaches, respectively. Other parameters are
the same as Figure 3b.

Figure 6. Population dynamics of the FMO model at 77 K calculated from CMM (solid lines) and HEOM (dotted lines) approaches, respectively.
Panel (a) corresponds to the short time dynamics up to 1 ps, and panel (b) corresponds to the long time dynamics up to 9 ps.
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where d lj j= · , with dj being the transition dipole moment of

the jth site and l the polarization of laser pulse, respectively. The
two-exciton contribution μ2ex can be constructed as follows:

ij k j g i gik jk2ex 1ex 1ex| | = | | + | | (58)

The total 2DES can be obtained as the summation of rephasing
and nonrephasing contributions

I t I t I t( ; , ) ( ; , ) ( ; , )2DES 2 3 1 R 2 3 1 NR 2 3 1= + (59)

In the simulation of 2DES, we consider a specific polarization
l (1, 0, 0)= . We use one Pade ́ frequency term and truncate

Figure 7.Coherence dynamics of the FMOmodel at 77 K calculated from CMM (solid lines) and HEOM (dotted lines) approaches, respectively. All
the settings are the same as Figure 6.

Figure 8. 2DES of the FMOmodel at population times of (i) t2 = 0 and (ii) t2 = 160 fs. Panels (a,b) correspond to the results obtained fromCMM and
HEOM approaches. In all figures, the peaks are normalized with respect to the maximum intensity of figure (a-i) without applying the arcsinh scaling.
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HEOM at the hierarchy level of 4, which is enough to obtain
converged spectra. In Figure 8, we present 2DES at population
times of t2 = 0 and t2 = 160 fs obtained from CMM and HEOM
approaches. Here, positive peaks correspond to contributions
from the ground state bleach and the stimulated emission, while
negative peaks represent the contribution from the excited state
absorption. The CMM approach yields 2DES in perfect
agreement with those from the reference HEOM.
Quantum Morse Oscillator Model. In this section, we

consider a dissipative quantum morse oscillator model where a
quantum morse oscillator is coupled to a dissipative heat bath;
its system Hamiltonian reads93

H
P

D
2

(1 e )Q
s

2
2= +

(60)

where P and Q are the dimensionless momentum and
coordinate, D is the dissociation energy, and α represents the
curvature of the potential. The system parameters are chosen as
D = 81,600 cm−1 and α = 0.1. We use the lowest 6 eigenstates of
the morse oscillator for the following simulation. The system−
bath interaction operator is chosen as V = Q. For the simulation
of two-dimensional infrared spectrum (2DIR), we consider two
sets of bath parameters which exhibit different lineshapes.94,95

One is the spectral diffusion regime with λ = 30 cm−1 and γ = 8
cm−1, representing the slow bath dynamics; the other is the
motional narrowing regime with λ = 160 cm−1 and γ = 800 cm−1,
representing the fast bath dynamics. The simulation of 2DIR
follows the same procedure of 2DES, except that the dipole
operator is defined as μ = Q.

In Figure 9, we plot the 2DIR at temperature T = 300 K for
both spectral diffusion and motional narrowing regimes as
calculated from CMM and HEOM approaches. As shown in
Figure 9, the node line between positive and negative peaks is
parallel to the diagonal line for the spectral diffusion regime,
while it becomes almost horizontal for the motional narrowing
regime. The CMM approach reproduces the 2DIR calculated by
the HEOM method.
Vibronically Coupled Dimer Model. The vibronically

coupled dimer model has been widely used to simulate the two-
dimensional electronic vibrational spectroscopy (2DEVS).96 In
a 2DEVS experiment, the system interacts with two UV−vis
pulses followed by a IR pulse. The resultant spectrum monitors
the evolution of correlation between electronic and vibrational
DOFs. We consider an exciton dimer, with an IR mode local to
each of the monomers (labeled A and B, respectively). The
system Hamiltonian is defined as

H U j j j k( )
j

j j
j j k

jks
0,1,2 1,2

= + | | + | |
= = (61)

with

U
p

q q
2 2

( )j
X A B

j X j X
j X j X

,

,
2

,
, ,

0 2
l
m
ooo
n
ooo

|
}
ooo
~
ooo= +

= (62)

Here, we consider three electronic states |j⟩ (j = 0, 1, 2): an
electronic ground state |0⟩ where both A and B are in their
respective ground states, and two excited states |1⟩ and |2⟩
representing that only A or B is electronically excited. εj and Δjk

Figure 9. 2DIR of the quantummorse oscillator model at temperature T = 300 K for (i) spectral diffusion regime and (ii) motional narrowing regime.
Panels (a,b) correspond to the results obtained from CMM and HEOM approaches. The peaks calculated by CMM and HEOM approaches are
normalized with respect to the maximum intensity of figures (a-i) and (b-i), respectively.
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are the state energy and interstate electronic couplings. pj,X, qj,X,
ωj,X and qj,X0 are the dimensional momentum, coordinate,
frequency, and displacement of the vibrational mode X (X = A,
B) for the jth electronic state, respectively. The system−bath
interaction operator is chosen as Vj = qj,A + qj,B.
In our simulation, we represent Hs in the site basis. We

consider only lowest two vibrational state for each mode and
denote basis sets as |jg dA,g dB

⟩, |je dA,g dB
⟩, and |jg dA,e dB

⟩ (j = 0, 1, 2), where gX
and eX are the ground and first excited vibrational states of mode
X. We further approximate the site basis as a product form, |jαdA,β dB

⟩
= |j⟩ ⊗ |αAj ⟩ ⊗ |βBj ⟩, where |αXj ⟩ is the αth (α = g, e) eigenstate of
mode X for the jth electronic state. The overlap of vibrational
states for different electronic states is described by the Huang−
Rhys factor σ, i.e.

g g g e

g e e e

e e

e (1 ) e

X X
j

X
j

X

X X
j

X X
j

0 /2 0 /2

0 /2 0 /2

| = | =

| = | = (63)

for X = A, B and j = 1, 2. The numerical values of system
parameters are taken from ref 96, with ε0 = 0, ε1 = 12,000 cm−1,
ε2 = 12,900 cm−1,Δ12 = 250 cm−1,ω0,X = 1030 cm−1,ω1,X =ω2,X
= 950 cm−1, and σ = 0.0025. The bath parameters are chosen as
λj = 30 cm−1, γj = 100 cm−1 (j = 1, 2), and temperature T = 77 K.
The 2DEV spectrum is simulated using the transition dipole

operators, μ1 = μ2 = μele, and μ3 = μ4 = μvib, which are defined as

j j( 0 0 )
j

ele
1,2

= | | + | |
= (64a)

q q
j g

j A j Bvib
,1,2

, ,= +
= (64b)

In Figure 10, we show 2DEV spectrum at population times of (i)
t2 = 0 and (ii) t2 = 550 fs calculated from (a) CMM and (b)
HEOM approaches, respectively. In the ω1 axis, the frequencies
at 11,900 cm−1 and 12,950 cm−1 correspond to the electronic
transitions |0⟩ → |1⟩ and |0⟩ → |2⟩, respectively. In the ω3 axis,
the frequencies at 1040 cm−1 and 960 cm−1 correspond to
vibrational transitions of the electronic ground state |gX0⟩ → |eX0⟩
and the electronic excited states |gXj ⟩ → |eXj ⟩ (j = 1, 2),
respectively. The time evolution of cross peaks reflect the energy
relaxation process. As shown in panels (a) and (b) of Figure 10,
the CMM results are in perfect agreement with those from the
HEOM method.

■ MIXED QUANTUM-CLASSICAL TREATMENT OF
THE CMM-HEOM METHOD

Our CMM-HEOM approach can be applied to the system
involving both discrete states and continuous variables. The
discrete DOFs are treated quantum mechanically, while
continuous DOFs are treated classically. Here we use spin-
bosonmodel with harmonic potential as an example to verify our
approach. The system Hamiltonian is defined as

Figure 10. 2DEV spectrum of a vibronically coupled dimer model at population times of (i) t2 = 0, and (ii) t2 = 550 fs calculated by (a) CMM and (b)
HEOM approaches, respectively. In all figures, the peaks are normalized with respect to the maximum intensity of figure (a-i).
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H
P R

R
2 2 2

z
z x x zs

2 2 2
= + + + +

(65)

The system parameters are chosen asωz = 1.0,ωx = 0.5,Ω = 1.0,
α = 0.1. The system−bath interaction operator is chosen as V =
σz, and bath parameters are λ = 0.1, γ = 1.0, and β = 1.0.
We use a trajectory-based approach to obtain the system

dynamics. To this end, we treat the discrete DOFs (the spin
states) quantummechanically usingHEOM, and the continuous
DOF (the system mode) classically using the Newtonian
equation with Hellman−Feynman type force, i.e.

R t P t

P t U R t

( ) ( )

( ) Tr ( ( ) ) ( )

t

t R z s

=

= { + } (66)

whereU R( ) R
2

2 2

= is the potential energy surface of the system
mode, and ρs(t) is the reduced density matrix of the system. The
initial distribution of the continuous DOF is sampled from the
W i g n e r d i s t r i b u t i o n o f t h e g r o u n d s t a t e ,
p R P( , ) e R P

W
( )/22 2+ (Ω = 1).

In Figure 11, we show the population dynamics of spin states 1
and 2 up to t = 50. The reference result is obtained using HEOM
with the eigenstate representation of the systemHamiltonian. As
displayed in Figure 11, our trajectory-based approach can yield
accurate system dynamics, highlighting the application of our
approach in systems involving both discrete and continuous
DOFs.

■ CONCLUSION
In summary, we have developed a new trajectory-based phase
space approach for the open quantum system by integrating the
twin-space representation of quantum statistical mechanics into
the framework of the classical mapping model in the CPS
formulation. The proposed method employs the twin-space
formalism to transform the density operator of the reduced
system into a form that can be treated as the wave function of an
expanded system with twice of the discrete-state DOFs. The
classical mapping model is then adopted to map the
Hamiltonian of the expanded system to its isomorphic classical

counterpart on CPS. The strengths of our theory have been
demonstrated by simulating population dynamics and nonlinear
spectra of a few benchmark condensed phase model systems. It
is shown that our approach combining the twin-space
representation and classical mapping model yields correct
long-time dynamics, rendering it a promising tool for studying
open quantum systems.
This work lays the foundation for further exploration of

trajectory-based approaches in the generalized coordinate−
momentum phase space formulation. For instance, when the
reduced system involves both discrete-state variables and
continuous variables,97,98 our current approach can be
generalized to a more practical approximate approach on
quantum phase space by integrating out the bath DOFs. Recent
development of advanced laser technologies allows the
manipulation of specific quantum pathways to magnify desired
spectroscopic features in various physical and chemical
processes. It is of great interest to extend our approach to
scenarios involving time-dependent Hamiltonians, which find
broad applications in the quantum control and strong-field
spectroscopy.88,99 The theoretical framework is beyond the
scope of the response function theory, one thus needs to treat
the system−field interaction nonperturbatively. Work in these
directions is in progress.
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