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ABSTRACT: Because most chemical or biological experiments are performed under
conditions of controlled pressure and temperature, it is important to simulate the
isobaric−isothermal ensemble at the atomic level to reveal the microscopic
mechanism. By extending our efficient configuration sampling approach for the
canonical ensemble, we propose a unified “middle” scheme to sample the coordinate
(configuration) and volume distribution, which can accurately simulate either classical
or quantum isobaric−isothermal processes. Various barostats and thermostats can be
employed in the unified “middle” scheme for simulating real molecular systems with or
without holonomic constraints. In particular, we demonstrate the recommended
“middle” scheme by employing the Martyna-Tuckerman-Tobias-Klein barostat and
stochastic cell-rescaling barostat, with the Langevin thermostat, in molecular
simulation packages (DL_POLY, AMBER, GROMACS, and so forth). Benchmark
numerical tests show that, without additional numerical effort, the “middle” scheme is
competent in increasing the time interval by a factor of 5 ∼ 10 to achieve the same accuracy of converged results for most
thermodynamic properties in (path integral) molecular dynamics simulations.

1. INTRODUCTION
Most real experiments or processes occur under conditions of
constant pressure and temperature. Recent progress on
pressure-driven phenomena suggests that exotic chemical,
electronic, magnetic, and structural properties can be unlocked
in molecular solids and condensed matter materials,1−5 which
include superconductivity, quantum Hall effects, abnormal
phase transition, to name but a few. The isobaric−isothermal
ensemble, where the number of particles (N), external pressure
(P), and temperature (T) are fixed, has been extensively used
for studying real complex molecular systems via (path integral)
molecular dynamics (MD) in physics, chemistry, biology,
astronomy, and environmental science.6−8 The time interval
Δt is the most fundamental factor that determines both the
accuracy and efficiency of the MD simulation of the isobaric−
isothermal ensemble. A larger time interval produces more
efficient sampling of the ensemble, but often decreases the
accuracy of or even breaks down the simulation. It is important
yet challenging to design robust integrators/algorithms for the
isobaric−isothermal ensemble, in which larger time intervals
are allowed for considerably improving the sampling efficiency
while maintaining the same accuracy.

The purpose of the paper is to present a simple, efficient,
and robust integrator scheme for sampling the isobaric−
isothermal (constant-NPT) ensemble for real molecular
systems by MD or path integral MD simulations. The outline
of the paper is as follows. Section 2 begins by briefly reviewing
the theory on the isobaric−isothermal ensemble in classical
mechanics as well as in quantum mechanics. It then introduces
the strategy for rationally constructing the MD integrator by
employing the barostatting methods via MD or Monte Carlo
(MC).7,9−30 In Section 3, the optimized “middle” scheme is
numerically implemented and compared to conventional NPT
algorithms used in molecular simulation packages. Benchmark
test examples include the Lennard-Jones liquid, liquid para-
Hydrogen, and liquid water. Finally, conclusion remarks are
presented in Section 4.
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2. THEORY AND METHODOLOGIES
We consider a general real molecular system that includes
Natom atoms in the three-dimensional space, which is described
by the (time-independent) Hamiltonian of standard Cartesian
form

= + = +H U K Ux p p M p x x( , ) /2 ( ) ( )T 1 (1)

where M is the diagonal ‘mass matrix’ with elements {mj; 1 ≤ j
≤ 3Natom}, x and p are the 3Natom-dimensional coordinate and
momentum vectors, respectively, U(x) is the potential energy,
and K is the kinetic energy.

2.1. NPT Ensemble in Classical Statistical Mechanics.
In classical statistical mechanics, H̃ins = PV + H defines the
instantaneous enthalpy and the average of any physical
property of the isobaric−isothermal ensemble in the
thermodynamic limit reads

=

[ + ]

B
I

V Z
V

PV H B V

x p

x p x p

d d d

exp ( ( , )) ( , ; )

D V
NPT
CM N

0 NPT 0 ( )

(2)

where the partition function ZNPT of the isobaric−isothermal
ensemble is

= [ + ]Z
I
V

V PV Hx p x pd d d exp ( ( , ))
D V

NPT
N

0 0 ( )

(3)

Here, D(V) is the coordinate space of the volume, V, of the
system, IN = (2πℏ)−3NatomcN is a product of the normalization
factor for the (coordinate-momentum) phase space integral31

and that for indistinguishable particles, β = 1/kBT with the
Boltzmann constant kB, and V0 is the reference volume. In eq 2,
B(x, p; V) is the estimator for the corresponding property B.
For instance, the virial expression of the internal pressure in
classical statistical mechanics is

= i
k
jjj y

{
zzzP

dV
U U

V
p M p x

x
1

int
T 1 T

(4)

where d is the dimensionality of the space, in which the
molecular system lies. (In the paper, d = 3 as we study the
molecular system in the three-dimensional space.) The last
term U

V
on the right hand side (RHS) of eq 4, which

represents the explicit volume dependence of the potential
energy function, is usually zero for molecular systems. (The
last term of eq 4 should be ignored with caution when more
general cases are studied.) As will be discussed in Section 2.4,
the evaluation of the virial expression of the internal pressure is
often requested in MD barostats. More discussion on the
estimator of other physical properties is presented in Section
S1 in the Supporting Information.
As the partition function of the canonical (constant-NVT)

ensemble is ZNVT = IN∫ D(V)dx ∫ dp exp [−βH(x, p)], we have
the relation

= [ ]Z
V

V PV Z N V T1
d exp ( , , )NPT

0 0
NVT

(5)

Equation 5 can also be expressed as

= +Ve d eG N P T PV F N V T( , , )

0

( ( , , ))
(6)

where the Gibbs free energy is G(N, P, T) = −ln ZNPT/β and
the Helmholtz free energy is F(N, V, T) = −ln ZNVT/β. Note
that physical properties such as density, isothermal compres-
sibility, isobaric heat capacity, thermal expansion coefficient,
and so forth can be estimated only in the isobaric−isothermal
ensemble rather than in the canonical ensemble. The accurate
sampling of the integrand of the RHS of eq 5, i.e., the partial
probability distribution function of the volume, is the essential
task of the barostat for controlled pressure. Equation 2
indicates that in classical statistical mechanics the accurate
sampling of the joint distribution of the volume (V) and
coordinate (x) variables is the key for sampling the isobaric−
isothermal ensemble, because most physical properties of
interest depend only on the coordinate (x) and volume (V).
Note that the Maxwell momentum distribution is simply a
Gaussian function that is independent of the coordinate and
volume. It is straightforward to first use MD to obtain only the
accurate joint distribution of the volume (V) and coordinate
(x) and then employ MC to faithfully obtain the independent
momentum distribution, which produces accurate evaluation
of any thermodynamic properties that involve both coor-
dinate/volume and momentum variables in classical statistical
mechanics.

2.2. NPT Ensemble in Quantum Statistical Mechanics.
Equation 5 can also be justified in quantum statistical
mechanics in the thermodynamic limit, where the canonical
partition function is defined as

= [ ] = | |Z H Hx x xTr exp( ) d exp( )
D V

NVT
( ) (7)

and the corresponding average physical property of eq 2
becomes

= [ ]

× | |

B
V Z

V PV

H Bx x x

1
d exp

d exp( )
D V

NPT
QM

0 NPT 0

( ) (8)

After decomposing exp(−βĤ) into L equal parts [exp(−βĤ/
L)]L, substituting the resolution of identity 1 ̂ � ∫ D(V) dxj
|xj⟩⟨xj| into each neighbor parts, and applying the symmetric
Trotter factorization exp(−βĤ/L) = exp(−βÛ/2L) exp(−βK̂/
L) exp(−βÛ/2L), the sampling of the probability distribution
function of eq 8 can often be accomplished by imaginary time
path integral,32−35 namely,

=
··· { ··· } ···

··· { ··· }
B

I V V U B V

I V V U

x x x x x x x

x x x x x

/ lim d e d d d exp ( , , ) ( , , ; )

/ lim d e d d d exp ( , , )
L

PV
D V D V D V L L L

L

PV
D V D V D V L L

NPT
QM

PI 0 0 ( ) 1 ( ) 2 ( ) eff 1 1

PI 0 0 ( ) 1 ( ) 2 ( ) eff 1 (9)

where L is the number of path integral beads (replica),
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is the effective potential of path integral beads, the estimator
B̃(x1, ···, xL; V) for any operator B̂ is a function of only the
coordinate vector of path integral beads and the volume, IPI =
(L/2πβℏ2)3NatomL/2|M|L/2 is a normalization factor, and the
denominator of the RHS of eq 9 is related to the path integral
expression of the partition function ZNPT of the isobaric−
isothermal ensemble.
When the staging transformation36,37 is used, the trans-

formation of coordinates and that of forces read

=

=
+

= ···+i
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i L
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where ϕ is defined as

··· = [ ··· ]
=L

U x( , , )
1

( , , )L
i

L

i L1
1

1

The effective potential (of eq 10) after the staging trans-
formation becomes

··· = + [ ··· ]
= =
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UM x( , , )
1
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1
( , , )L
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(13)

The corresponding mass matrix of the staging transformation is

=

= = ···i
i

i L

M

M M

0

1
( 2, , )i

1

(14)

The integral of eq 9 can be performed by MD37−40 after
introducing the artificial momentum and mass of the path
integral bead and substituting the multidimensional Gaussian
integral identity

| | =i
k
jjj y

{
zzzM p p M p(2 ) d exp

1
2

1N
j j j j j

3 /2 1/2 T 1atom

that is,

=
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where the effective Hamiltonian reads

··· ··· = + ···
=

H Ux x p p p M p x x( , , ; , , )
1
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In eq 16, the fictitious mass M̃ can be chosen as

=

= = ···i
i

i L

M M

M M
1

( 2, , )i

1

(17)

(see Section S1 for more discussion). In quantum statistical
mechanics, the accurate sampling of the joint distribution of
the volume and the coordinate vector of path integral beads of
the isobaric−isothermal ensemble (of eq 9 or eq 15) is then
the only key for evaluating all thermodynamic properties.

In Section S1C, we explicitly describe the estimator B(x, p;
V) of eq 2 in classical statistical mechanics as well as the
estimator B̃(x1, ···, xL; V) of either eq 9 or eq 15 in quantum
statistical mechanics, when the density, enthalpy, isobaric heat
capacity, isothermal compressibility, and thermal expansion
coefficient are simulated.

2.3. Barostat for the Volume Distribution. Either MC
or MD methods7,9−30 can be used for the barostat for sampling
the volume distribution of eq 2 or eq 15. Note that the volume
distribution of eq 2 or eq 15 includes not only e−βPV but also
the potential energy in the confined volume (e.g., the box with
periodic boundary conditions when the bulk system is
investigated).
When MD is employed for the barostat, one approach is to

substitute a classical resolution of identity, i.e., replacing a unit
by the one-dimensional Gaussian integral [β/(2πW)]1/2 ∫ dpV
exp[−βpV

2/(2W)] = 1 on the RHS of eq 2, which yields
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+ +
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V

V

2

2

(18)

where pV and W are the “momentum” variable and “mass” of
the fictitious “piston” introduced for controlling the volume

fluctuation and then sampling the volume distribution by MD
trajectories. Similarly, eq 15 becomes
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In addition to the extended-system approach discussed
above, another approach is to weakly couple the system to a
pressure bath without the fictitious “piston” momentum, which
includes the Berendsen barostat41 and stochastic cell-rescaling
(SCR) barostat.42 During each pressure control step, the
volume is scaled by a factor determined by the pressure
difference between the bath and the system. While the
Berendsen barostat fails to yield the correct volume
distribution,43 the SCR barostat is capable of faithfully
producing the isobaric−isothermal ensemble42,44 and will be
used in the paper.
Because PIMD essentially employs MD of the effective

Hamiltonian system of eq 16 while using different estimators
for physical properties in quantum statistical mechanics from
those in classical statistical mechanics, both MD and PIMD
can in principle share the same integrator for the isobaric−
isothermal ensemble. In the following we only use MD
integrators to demonstrate the procedure for simplicity. It is
straightforward to implement the same strategy for PIMD
integrators.

2.4. Molecular Dynamics Integrators. Numerical MD
integrators for a finite time interval Δt often consist of a step
for updating the coordinate x(t + Δt) ← x(t) + M−1p(t)Δt,
that for updating the momentum p(t + Δt) ← p(t) − U′(x)Δt,
that for the thermostat for controlled temperature, and that for
the barostat for controlled external pressure. Use e tx , e tp ,
e tT , and e tBar to represent the phase space propagators for
the four steps, respectively. Here, Bar is the Kolmogorov
operator for the barostat, which is defined in the volume space
via MC or on “extended” phase space (V, pV) via MD, T is
the Kolmogorov operator for the thermostat, and x and p

are the relevant Kolmogorov operators on coordinate−
momentum phase space (x, p) related to the system

Hamiltonian, = p Mx x
T 1 and = ( )U

p x p

T
, with

ρ being the corresponding probability distribution function of
the ensemble.
Note that the characteristic time scale of the evolution of

coordinate-momentum variables (x, p) of the molecular system
is usually several orders of magnitude smaller than that of the
fluctuation of the volume variable, V. It is expected that an
efficient algorithm for the isobaric−isothermal (constant-
NPT) ensemble should be rationally constructed from that
for the canonical (constant-NVT) ensemble. Recently, we have
shown that the unified middle thermostat scheme leads to
efficient and robust (path integral) molecular dynamics
algorithms for sampling (the coordinate space of) the
canonical ensemble,37,45−50 regardless of whether the thermo-
stat for controlled temperature is stochastic, deterministic, or
mixed.37,45,49 For instance, it is straightforward in the unified
middle thermostat scheme to derive the relation46 between the
algorithm on Langevin dynamics by Leimkuhler and
Matthews51 and that by Gro̷nbech-Jensen and Farago
independently.52 Our work of ref 45 points out that only
those reasonable thermostatting methods, which faithfully

produce the Maxwell momentum distribution, should be
considered in the unified middle thermostat scheme. For
instance, special caution should be taken care of for the Nose-
Hoover thermostat53−55 or the more advanced Nose-Hoover-
Chain thermostat56 when it is used in the unified middle
thermostat scheme for sampling the canonical ensemble.45

More importantly, the unified thermostat scheme with phase
space evolution operators45−50 is capable of describing
thermostatting algorithms that lead to no corresponding
differential equations in the limit of Δt → 0.46,47 The middle

thermostat scheme suggests e tNVT
Middle

= e t/2p e t/2x e tT

e t/2x e t/2p based on the velocity-Verlet algorithm or

e tNVT
Middle

= e t/2x e tT e t/2x e tp based on the leapfrog
algorithm. The operations of the phase space propagators are
in a right-to-lef t sequence throughout the paper. Because the
thermostatting step for a full time interval, e tT , is placed in
the middle of the two updating steps of the coordinate for each
half time interval e t/2x , it is denoted as the “middle”
scheme.45−50 Similarly, conventional velocity-Verlet-based MD
algorithms fall into the “side” thermostat scheme e tNVT

Side
=

e t/2T e t/2p e tx e t/2p e t/2T , where a thermostatting
step for a half time interval e t/2T is designed at both the
beginning and end of the full MD integrator, or into the “end”

or “beginning” thermostat scheme e tNVT
End

= e tT e t/2p e tx

e t/2p or e tNVT
Beginning

= e t/2p e tx e t/2p e tT , where the
thermostatting step for a full time interval, e TΔt, is applied at
the beginning or end of the full MD integrator.45−50 It is trivial
to show the leapfrog-based version of the “side”/“end”/
“beginning” thermostat schemes that conventional MD
algorithms employ.48,49

Conventional MD algorithms often produce accurate
sampling of the (trivial) momentum distribution but significant
errors for sampling the coordinate distribution that is often
much more important.45−49 The most prominent feature of the
unified middle thermostat is that both the accuracy and
efficiency of sampling are insensitive to the value of the
thermostat parameter(s) in a broad range for a relatively large
time interval.46−48 In comparison to the unified “middle”
thermostat scheme, when conventional MD algorithms are
used, the numerical error of sampling the coordinate
distribution is significantly greater for a finite time interval,
and the characteristic correlation time of sampling is rather
sensitive to the choice of the thermostat parameter(s).46−48

As demonstrated in refs 45 and 48, when the integrator

e tNVT
Middle

= e t/2p e t/2x e tT e t/2x e t/2p based on the
velocity-Verlet algorithm is used, we obtain the accurate
coordinate marginal distribution as well as the accurate
momentum marginal distribution at two positions: one is
immediately after the first momentum-updating step for a half
time interval e t/2p and before e t/2x e tT e t/2x is applied,
and the other is immediately after e t/2x e tT e t/2x and
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before the second momentum-updating step for a half time
interval e t/2p . The two positions are demonstrated in Figure
1. Specifically, in the harmonic limit, both the coordinate
marginal distribution and the momentum marginal distribution
are exact at either of the two positions in Figure 1. Similarly, as

discussed in ref 48, when the integrator e tNVT
Middle

= e t/2x

e tT e t/2x e tp based on the leapfrog algorithm is
employed, we achieve the accurate coordinate marginal
distribution as well as the accurate momentum marginal
distribution at two positions: one is immediately after the
momentum-updating step e tp and before e t/2x e tT

e t/2x is applied, and the other is immediately after e t/2x

e tT e t/2x .
It is anticipated that the efficient MD integrator for a finite

time interval Δt for the isobaric−isothermal ensemble should
approach the “middle” thermostat scheme for the canonical
ensemble, when the barostat effectively vanishes. Actually,
various integrators for the isobaric−isothermal ensemble can
be designed to reach the “middle” thermostat scheme in the
canonical-ensemble limit. Because the barostat step updates
the volume and then the potential or force, it should be applied
when the coordinate (configuration) marginal distribution is
accurate. That is, the phase space evolution operator for the
barostat step should be applied before or after e t/2x e tT

e t/2x . When the instantaneous kinetic energy is involved in
the evaluation of the internal pressure in eq 4, the barostat step
ought to be applied when the momentum marginal distribution
is also accurate. This suggests that the barostat step should be
designed at the first or second position of the right-to-left
sequence as listed in Figure 1. The update of the force or/and
the potential is only required at the second position for the
barostat step before the momentum-updating step. If the
evaluation of the force or potential is not requested in the
barostat step at the first position, then the barostat step can
also be applied at the first position such that a symmetric

decomposit ion e t/2Bar(2)
MD

e t/2x e tT e t/2x e t/2Bar(1)
MD

i s
achieved for higher accuracy before and after the momen-
tum-updating step(s).
2.4.1. Integrators with the Monte Carlo Barostat. When

MC is used for the barostat,6,9,10 the evaluation of the potential
is always necessary in each move trial of the Metropolis
algorithm for sampling the volume distribution. We then
recommend that, either the “middle” scheme of

=e e e e e e et t t t t t t/2 /2 /2 /2p x x pNPT
Middle

Bar
MC

T (20)

based on the velocity-Verlet algorithm or

=e e e e e et t t t t t/2 /2x x pNPT
Middle

Bar
MC

T (21)

based on the leapfrog algorithm, should be used to sample the
isobaric−isothermal ensemble when the MC barostat is used.
Because the MC barostat does not employ the virial expression
of the internal pressure (e.g., eq 4), it is convenient to employ
the MC barostat for general cases, e.g., even for ab initio
dynamics simulations of condensed phase molecular systems,
where periodic boundary conditions are applied.
When it is straightforward to evaluate the virial expression

for the internal pressure, MD barostats are more often used as
they readily approach the NPT equilibrium, even when the
initial density is far from the density of the isobaric−isothermal
ensemble. In the following we focus on MD barostats.
2.4.2. Integrators with Molecular Dynamics Barostats.

2.4.2.1. Martyna-Tuckerman-Tobias-Klein Barostat. When
the MD barostat is used for the volume sampling under a
constant external pressure condition, “extended” phase space
variables (V, pV) for the barostat and coordinate-momentum
phase space variables (x, p) of the molecular system often
propagate simultaneously. Equation 18 (or eq 19) indicates
that the “force” for the update of p depends on both the
volume V and the coordinate x during the propagation of the
MD trajectory. As discussed in Section S2, the “middle”
scheme of

=e e e e e e e et t t t t t t t/2 /2 /2 /2 /2 /2p x x pNPT
Middle

Bar(2)
MD

T Bar(1)
MD

(22)

based on the velocity-Verlet algorithm or

=e e e e e e et t t t t t t/2 /2 /2 /2Tx x pNPT
Middle

Bar(2)
MD

Bar(1)
MD

(23)

based on the leapfrog algorithm is recommended for the
isobaric−isothermal ensemble. The force is updated only in
the step e t/2Bar(2)

MD
during each whole integration for a finite

time interval Δt.
We use the Martyna−Tuckerman−Tobias−Klein (MTTK)

barostat7,22−26,57 as an example. In this case, the first and
second barostat steps of the right-to-left sequence in eq 22 or
eq 23 are e tBar(1)

MD
= e tB e txr e tV e tp e tpr and e tBar(2)

MD
=

e tpr e tp e tV e txr e tB . Apparently, e tBar(1)
MD

and e tBar(2)
MD

are symmetric to achieve accuracy of the full integrator for the

Figure 1. Schematic representation of the “middle” scheme for the isobaric−isothermal ensemble. When both the instantaneous kinetic energy and
the virial term in the evaluation of the internal pressure are required, the barostat step should be applied at either of the two positions listed in the
right-to-left sequence. When the evaluation of the force or potential is NOT required in the barostat step at the first position, the barostat step can
also be applied at both positions to achieve a symmetric decomposition e t/2Bar(2) e t/2x e tT e t/2x e t/2Bar(1) (for higher accuracy) before and
after the momentum-updating step(s).
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finite time interval Δt. The Kolmogorov operator for the
MTTK barostat consists of five terms:
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Here, Nf is the total number of degrees of freedom of the
system (Nf � d·Natom = 3Natom in this paper). Moreover, the
mass W of the fictitious “piston” is sufficiently large to ensure
the convergence of estimation of physical properties of interest.
Typically, this value is set to

= +W N k T( 1)f B b
2

(29)

where τb is the relaxation time of the barostat, which is often
set to 1 ps as suggested in ref 7. In eq 27 the internal pressure
(Pint) estimator of the system is presented in eq 4.
In the MTTK barostat, the volume-updating step e tV

related to eq 26 does not request the update of the virial
expression of the internal pressure (or the update of the force).
As shown in Figure 2, it is required to update the force and

internal pressure only once after the operation e t/2V e t/2xr

e t/2B and before the operation e t/2pr e t/2p in the second
MTTK barostat step in the whole integration for a finite time
interval Δt.
It is easy to implement the MTTK barostat to PIMD.7 The

internal pressure is an analogy of the classical form using the
effective potential Ueff(x1, ···, xL), and the method employing
the corresponding equations of motion is called the “all-mode
scaled” method. Martyna et al. proposed another set of

equations of motion leading to the “reduced dynamics”
method. Details of these two approaches are presented in
Section S1B.
In Section S2 (which is based on our earlier inves-

tigations58,59), we explicitly show that the “middle” scheme
of eq 22 or eq 23 with the MTTK barostat is the optimally
designed strategy by the analytical analysis and numerical
investigations of a one-dimensional nanowire model and liquid
water. In addition, as demonstrated in Section S2C, the
recommended scheme of eq 22 or eq 23 has “equivalent”
variants, of which the “middle-sinh” version employs the
decomposition of Kolmogorov operators of the MTTK
barostat, which is closely related to that of ref 23. Because
eq 22 or eq 23 presents a clean-cut unif ied form for
implementing other extended-system barostatting methods
that have the same appropriate properties of the MTTK
barostat, we use eq 22 or eq 23 throughout the paper.
2.4.2.2. Stochastic Cell Rescaling Barostat. In addition to

extended-system barostatting methods, weak coupling methods
without the fictitious “piston” momentum for the barostat can
also be used in the “middle” scheme. Here, we use the SCR
barostat as an example for illustration.
The update of the volume in the SCR barostat always

requires the new evaluation of the virial expression of the
internal pressure (or of the force), which is often the most
time-consuming factor in the MD simulation. As suggested in
Figure 3, the “middle” scheme with the SCR barostat can be
realized with either

=e e e e e e et t t t t t t/2 /2 /2 /2p x x pNPT
Middle

Bar
MD

T

(30)

based on the velocity-Verlet algorithm or

=e e e e e et t t t t t/2 /2x x pNPT
Middle

Bar
MD

T (31)

based on the leapfrog algorithm. The phase space evolution
operator of the SCR barostat (for a finite time interval Δt)
reads

=e e e et t t tp xBar
MD

r r (32)

where ε is usually defined as ε = ln (V/V0) with V0 as the unit
volume. In eq 32, the Kolmogorov operator, ε, is
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where τP the characteristic time of the barostat, and κT the
isothermal compressibility of the system. The value of κT in eq
33 is typically obtained from experimental data. When the
experimental value of κT is not available, it can be estimated
from primitive simulations or from the known value of a
similar system. For instance, the value for ambient water (4.5 ×
10−5 bar−1) can be used for the simulation of a molecular
system in water solution. The corresponding phase space
evolution operator for eq 33 reads

= +x p x pe ( , ; ) ( , ; )t (34)

where

+P P t
t

V
t( )

2
( )T

P
int ext

T

P (35)

in which η(t) is the standard Gaussian random number at a
fixed time t (with zero mean ⟨η(t)⟩ = 0 and unit deviation

Figure 2. Schematic representation of the “middle” scheme with the
MTTK barostat for the isobaric−isothermal ensemble. When the
MTTK barostat step (for a half time interval Δt/2) is applied at the
first position, the evaluation of the force or potential is NOT required.
The MTTK barostat step should then be applied at the two positions
listed in the right-to-left sequence. The update of the force or/and the
potential is explicitly performed, before the piston-momentum-

updating step of e t/2Bar(2)
MD

, at the second position for the barostat
step.
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⟨(η(t))2⟩ = 1). After the operation of e t , the other two
phase space evolution operators are

= dx p x pe ( , ; ) (exp( / ) , ; )txr (36)

= dx p x pe ( , ; ) ( , exp( / ) ; )tpr (37)

respectively. The time scale of the operation e txr is same as
that of the operation e t , although they are well-separable
from the time scale of the atomic motion (where the
operations e tx and e tp are applied). The volume-updating
step e t of the SCR barostat (related to eq 33) always
directly involves the internal pressure (Pint) and the force.
Under such a circumstance, the SCR barostat should be
applied only once in the whole integration for each finite time
interval Δt, as suggested by Figure 3. More discussion and
numerical results are available in Section S3.
We apply the proposed MD/PIMD integrators of the

“middle” scheme (for the isobaric−isothermal ensemble) to
different benchmark molecular systems to test their accuracy
and efficiency. Section S5 presents the explicit numerical
algorithms of the “middle” scheme with the MTTK or SCR
barostat for the MD/PIMD simulation of the isobaric−
isothermal ensemble.
When the MTTK barostat is used, the first conventional

scheme employed for comparison reads

=
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and the second one is
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Both schemes are implemented in the open-source and
commercial software GROMACS60 and are referred to as
“vv” and “vv-avek”. When the SCR barostat is employed, the
Euler integrator described in ref 42,

=e e e e e e et t t t t t t/2 /2 /2 /2T Tp x pNPT
Euler

Bar
MD

(40)

is also of the conventional “side” scheme. It is compared to the
“middle” scheme of eq 30 with the SCR barostat.
In Section S5 of the Supporting Information, we present the

details of the MD/PIMD algorithms of the recommended

“middle” scheme with the MTTK/SCR barostat for sampling
the isobaric−isothermal ensemble.

3. NUMERICAL EXAMPLES
We first show the coordinate marginal distribution, volume
marginal distribution, and momentum marginal distribution
for a standard one-dimensional nanowire model, where both
the recommended “middle” scheme and conventional “side”
scheme are tested. We then test the Lennard-Jones (LJ) fluid
and liquid para-hydrogen near its triple point with the Silvera-
Goldman potential.61 These two systems only include
nonelectrostatic intermolecular interactions. We further
consider liquid water where all intramolecular, polar/nonpolar
and electrostatic interactions are included. We test the q-SPC/
fw flexible water model,62 SPC/E model where both
intramolecular O−H bonds and H−O−H bond angles are
rigidly fixed,63 and accurate flexible and polarizable MB-pol
model.64−66

In Sections S1 and S2, we show that, in classical statistical
mechanics, when the evaluation of the physical property
includes the components that are functions of only the
momentum, it is useful to take advantage of the known
Maxwell momentum distribution to yield more accurate
estimators. In classical MD simulations, while we employ eqs
S36 and S44 to compute the density and isothermal
compressibility, respectively, we use eqs S49, S51, and S52
for the evaluation of the enthalpy, isobaric heat capacity, and
thermal expansion coefficient, respectively. When PIMD is
used for quantum statistical mechanics, the evaluation of any
physical property depends on only the path integral bead
coordinate and the volume. In PIMD simulations, we utilize
eqs S34, S36, S42, S44, and S48 as the estimators for
calculating the enthalpy, density, isobaric heat capacity,
isothermal compressibility, and thermal expansion coefficient,
respectively.

3.1. One-Dimensional Nanowire Model. The one-
dimensional nanowire model involves a single particle moving
within a one-dimensional cosine potential

=
˜

˙

¯̄̄
¯̄̄
¯̄̄

i
k
jjj

y
{
zzz

É

Ö

ÑÑÑÑÑÑÑÑÑ
U x V m V x

V
( , )

4
1 cos 22 2

2 (41)

where m = 1, ω = 1. Classical MD simulations of the isobaric−
isothermal ensemble are performed at kBT = 0.01, and Pext =
0.01, and the “piston mass” is set to W = 1000, where all
parameters and variables for this model are in reduced units.

Figure 3. Schematic representation of the “middle” scheme with the SCR barostat for the isobaric−isothermal ensemble. The barostat step should
be applied at only the second position in the right-to-left sequence. The update of the force or/and the potential is explicitly performed before the

volume-updating step e t of e tBar
MD

, at the second position for the barostat step.
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We use the MTTK barostat for demonstration. For the middle
scheme, all marginal distributions are sampled immediately
after the barostatting step e tBar

MD
in eq 31 or eq 30. When the

side scheme is used, its marginal distributions are obtained
after a full MD step in either eq 38 or eq 39, where the
barostatting step ends. Both algorithms of eqs 38 and 39 of the
side scheme are tested.
Figure 4 compares different schemes for the numerical

performance of simulating the coordinate marginal distribu-

tion, momentum marginal distribution and volume marginal
distribution. As demonstrated in Panels (a1), (b1), and (c1),
all schemes produce converged accurate marginal distributions
with a time interval of Δt = 0.2 r.u. It is consistent with the
expectation that all MD integrators should yield the same
converged results as the time interval approaches zero. When a
much larger time interval Δt = 1.5 r.u. is used, Panels (a2),
(b2) and (c2) show that the middle scheme leads to results

that are in good agreement with exact marginal distributions,
while two conventional side schemes exhibit pronounced
deviations in both volume marginal distribution and coordinate
marginal distribution. It verifies that, when the time interval Δt
is relatively large, the middle scheme offers a much more
accurate marginal distribution of the coordinate and volume
variables (for the isothermal−isobaric ensemble) than the
conventional MD algorithms (of the side scheme) do.

3.2. Lennard-Jones Molecular Liquid. The Lennard-

Jones (LJ) potential reads =
˜

˙

¯̄̄
¯̄̄
¯̄

É

Ö

ÑÑÑÑÑÑÑÑ( ) ( )u r( ) 4
r r

12 6
, where r

is the distance between two particles. The LJ potential is
commonly used to describe the two-body interaction between
nonpolar atoms/molecules in various force fields. For instance,
the LJ parameters for liquid Argon are ε/kB = 119.8 K, σ =
340.5 pm, and m = 39.962 Ar (relative atomic mass). Since the
LJ liquid involves only the van der Waals intermolecular
interaction, it serves as a clean benchmark system in which
intramolecular and electrostatic forces play no role. We study
the state point at external pressure P = 1.706ε/σ3 and inverse
temperature β = 0.4 ε. The reduced unit (r.u.), where ε = σ =
m = 1, is used for convenience.
Classical MD simulations are performed with 256 particles

in a cubic box with periodic boundary conditions applied using
the minimum image convention. The time interval Δt ranges
from 10−3 r.u. to 10−2 r.u. After the system is equilibrated for
2.5 × 105 r.u., 64 trajectories with each propagated up to 2.5 ×
105 r.u. are employed for estimating thermodynamic proper-
ties. We test the three integrators with the MTTK barostat,
namely, eq 23 of the recommended “middle” scheme, and eqs
38 and 39 of the conventional scheme.
Figure 5 demonstrates that the three integrators approach

the same converged results (within statistical error bars) as the
time interval is decreased, which is consistent with the
expectation that all numerical integrators are in principle
equivalent as the time interval becomes zero. Fully converged
results are obtained at Δt = 10−3 r.u. As shown in Panels a−b
of Figure 5, the absolute deviation of the density is only 2 ×
10−4 r.u. and that of the enthalpy is only 2 × 10−3 r.u. when
comparing the converged value to value at Δt = 10−2 r.u. for
the “middle” scheme. In comparison, the same quantities for
the “side” schemes are an order of magnitude larger, 1.6 × 10−3

r.u. for the density and 2.7 × 10−2 r.u. for the enthalpy per
atom, respectively. Panels c−e of Figure 5 display the results
for isobaric heat capacity per atom, isothermal compressibility,
and thermal expansion coefficient. Because the estimation of
these properties involves second-order derivatives of the
partition function, numerical simulations are more difficult to
converge. Panels c−e of Figure 5 also show that the time
interval Δt for achieving the same accuracy is increased by a
factor of 4−10 by the “middle” scheme over the conventional
algorithms.

3.3. Liquid para-Hydrogen. Consider liquid para-hydro-
gen at low temperature, a benchmark system that includes only
nonpolar intermolecular interactions, but significant nuclear
quantum effects. Because its rotational state is at the ground
energy level J = 0, the para-hydrogen molecule can effectively
be treated as a spherical particle. The three integrators (eqs 23,
38, and 39) are tested for the PIMD simulation with 125 para-
hydrogen molecules in a cubic box with periodic boundary
conditions applied using the minimum image convention. In
the PIMD simulation, 72 beads are used for the state point at

Figure 4. Results of the NPT MD simulations for the one-
dimensional nanowire model. The MTTK barostat is used. Panels
(a1,a2) show the coordinate marginal distribution using different
schemes with a time interval of Δt = 0.2 r.u. and that with Δt = 1.5
r.u., respectively, while Panels (b1,b2) demonstrate the momentum
distributions and Panels (c1,c2) illustrate the volume distributions.
Red lines: the velocity-verlet-based “middle” scheme. Black and blue
lines: two conventional “side” schemes. Purple lines: exact results.
Twenty trajectories for each scheme are used. Each trajectory is
equilibrated for 2 × 107 r.u., then propagated for additional 8 × 107
r.u. for evaluating physical properties. The friction parameter γLang for
the Langevin thermostat and γLangV for the barostat are 1.0 r.u. and
0.001 r.u., respectively. All MD simulations are performed by our
independently developed MD/PIMD program.
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zero external pressure and constant temperature T = 14 K,
which is nearly the critical point of the system. After the system
approaches equilibrium, 64 PIMD trajectories with each
propagated up to ∼40 ns are employed for estimation of
physical properties of the isobaric−isothermal ensemble. Both
the “all-mode scaled” method and “reduced dynamics” method
are used for the MTTK barostat for the PIMD simulation of
this system.

Figure 6 shows that the “middle” scheme (eq 23) is much

more accurate and robust than the two conventional

Figure 5. Results of NPT MD simulations for liquid argon using
Lennard-Jones potential with increasing time intervals. The
parameters of L-J potential are ε = kB × 119.8 K, σ = 340.5 pm
and m = 39.962 Ar. The state point is at β = 0.4 ε and Pext = 1.706 ε/
σ3. The MTTK barostat is used for the simulation. The calculated
thermodynamic properties include (a) density, (b) enthalpy per atom,
(c) isobaric heat capacity per atom, (d) isothermal compressibility
and (e) thermal expansion coefficient. Red lines: the velocity-verlet-
based “middle” scheme. Black and blue lines: two conventional “side”
schemes. 64 trajectories are equilibrated for 2.5 × 105 r.u. and then
propagated for 2.5 × 105 r.u., using a cubic box with periodic
boundary conditions containing 256 particles. All data are divided
into 16 groups to calculate the standard error. The friction parameter
for the Langevin thermostat (γLang) and that for the barostat (γLangV )
are 5.0 r.u. and 0.5 r.u., respectively. The “piston” mass W is set to
1000 r.u. A smooth cutoff is chosen, i.e., the potential is truncated at rc
= 3.0 σ and is shifted to zero from rs = 2.5 σ. For liquid argon, the

reduced unit of time is 1.000 × 10−3 r.u. = 1.000 × 10−3 m /2 =
2.1564 fs. All MD simulations are performed by our independently
developed MD/PIMD program. The data are verified by a modified
DL_POLY_2 package.67 Panel (f) is a snapshot of 256 Lennard-Jones
particles in a cubic box with periodic boundary conditions.

Figure 6. Results of NPT PIMD simulations for liquid para hydrogen
at T = 14 K and Pext = 0 using the Silvera-Goldman model61 with
increasing time intervals. The MTTK barostat is used for the
simulation. The calculated thermodynamic properties include (a)
density, (b) enthalpy per molecule using the virial form kinetic
energy, (c) molar isobaric heat capacity, (d) isothermal compressi-
bility and (e) thermal expansion coefficient. Red lines: the velocity-
verlet-based “middle” scheme for the “reduced dynamics” method.
Black and blue lines: conventional “side” schemes for the “reduced
dynamics” method. Purple dashed lines: the velocity-verlet-based
“middle” scheme for the “all-mode scaled” method. Green and yellow
dashed lines: “side” schemes for the “all-mode scaled” method. 72
beads are employed in the PIMD simulation. 64 trajectories are
equilibrated for ∼40 ns and propagated for ∼40 ns using a cubic box
with periodic boundary conditions containing 125 para-hydrogen
molecules. All data are divided into 16 groups to calculate the
standard error. The friction parameter for the Langevin thermostat
(γLang) is 1 × 10−3 a.u.−1 for the first staging mode and L / for
other staging modes of PIMD as suggested in ref 37. The friction
parameter for the barostat (γLangV ) is 1 × 10−5 a.u.−1. The “piston” mass
W is set to 1 × 1010 a.u. The cutoff value for the Silvera-Goldman
model is 8.466 Å. The atomic unit of time is 1 a.u. = 0.024189 fs. All
PIMD simulations are performed by our independently developed
MD/PIMD program. The data are verified by a modified
DL_POLY_2 package.67 Panel (f) is an illustration of the closed
imaginary-time path obtained by 72 beads when simulating 125 para-
hydrogen molecules in a cubic box with periodic boundary conditions.
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algorithms of the “side” scheme (eqs 38 and 39). The “side”
scheme fails at the time interval Δt = 9.6 fs (∼400 a.u.) and
produces significant deviations from the converged results,
while the “middle” scheme with Δt = 9.6 fs still leads to
converged results. When the “all-mode scaled” method is used
for estimation of the internal pressure of the MTTK barostat in
PIMD, the absolute difference from the converged value of the
molar volume is as large as ∼0.42 cm3/mol for the result
produced by the “side” scheme at Δt = 9.6 fs. In comparison,
the absolute difference of the molar volume is only ∼7 × 10−3

cm3/mol for Δt = 9.6 fs when the “middle” scheme is utilized.
When the “reduced dynamics” method is employed to estimate
the internal pressure of the MTTK barostat in PIMD, the two
conventional algorithms of the “side” scheme also lead to
considerable deviation�the absolute difference from the
converged value of the molar volume is as large as ∼0.40
cm3/mol at Δt = 9.6 fs, while the same quantity produced by
the “middle” scheme is only ∼6 × 10−3 cm3/mol for Δt = 9.6
fs. The “middle” scheme also significantly outperforms the
conventional “side” schemes for estimation of other properties,
e.g., enthalpy per molecule, isothermal compressibility, thermal
expansion coefficient, and so forth. Since the state point is near
the critical point of the system, it is rather demanding to
converge the value for the molar isobaric heat capacity. It is
expected that the performance trend is similar when fully
converged results (for this property) are obtained for each time
interval.

3.4. Liquid Water with the Flexible q-SPC/fw Model.
We then consider liquid water at ambient conditions, where
intramolecular, electrostatic, and van der Waals intermolecular
interactions are involved. We use the flexible q-SPC/fw model
for the demonstration. MD simulations are performed at
constant temperature T = 298.15 K and constant external
pressure P = 1 atm for a system of 216 molecules in a cubic
box with periodic boundary conditions applied using the
minimum image convention.
After the system reaches the equilibrium, 20 MD

trajectories, each evolving up to 10 ns, are employed for
evaluating thermodynamic properties. The time interval size
Δt ranges from 0.2 to 2.0 fs. All integrators lead to the same
converged results (within the statistical error) at Δt = 0.2 fs for
all tested properties. As shown in Panel a in Figure 7, with a
time interval of Δt = 2.0 fs, two “side” schemes produce
significant absolute deviation from the converged value of the
density, which is ∼3.4 × 10−2 g·cm−3. In contrast, the same
quantity produced by the proposed “middle” scheme is less
than 1 × 10−3 g·cm−3. As shown in Panels b−e in Figure 7, the
“middle” scheme significantly outperforms the “side” schemes
for all other properties as well.
In addition to MD, we also perform PIMD for the same

system. The “reduced dynamics” method (described in Section
S1B) is used for the barostat for the PIMD simulation of liquid
water. Here, 24 path integral beads are employed in the
simulation. Five independent PIMD trajectories are propa-
gated for 10 ns after equilibration for 1 ns. Figure 8
demonstrates that the advantage of the “middle” scheme
over the conventional “side” scheme is even more pronounced
for PIMD in comparison to MD. The absolute deviation at Δt
= 1.5 fs from the converged value of the density is less than 1 ×
10−3 g·cm−3 for the “middle” scheme of PIMD. In contrast, the
corresponding deviation for the “side” scheme of PIMD is as
large as ∼6.3 × 10−2 g·cm−3, which is more than 60 times
larger than the same quantity yield by the “middle” scheme of

PIMD. When the enthalpy or isobaric heat capacity is
considered, the absolute deviation for the “side” scheme
increases significantly as the time interval increases. When the
time interval Δt = 1.5 fs is used, the deviation of the molar
isobaric heat capacity for the “side” scheme can reach 130−180
cal/(mol·K), while that for the “middle” scheme is only 0.6
cal/(mol·K). Figure 8 shows that the “middle” scheme always
outperforms the “side” scheme for the PIMD simulation of any
physicochemical properties. When we compare the PIMD
results of Figure 8 to the corresponding MD results of Figure
7, it is evident that the superiority of the “middle” scheme to
the conventional algorithms of the “side” scheme is even more
prominent in the PIMD simulation than in the MD simulation.

3.5. Liquid Water Model with Holonomic Constraints.
Constraints are widely used in the molecular simulation of

Figure 7. Results of NPT MD simulations for liquid water at T =
298.15 K and Pext = 1 atm using q-SPC/fw model with increasing time
intervals. The MTTK barostat is used for the MD simulation. The
calculated thermodynamic properties include (a) density, (b)
enthalpy per molecule, (c) molar isobaric heat capacity, (d)
isothermal compressibility and (e) thermal expansion coefficient.
Red lines: the velocity-verlet-based “middle” scheme. Black and blue
lines: two conventional algorithms of the “side” scheme. Twenty
trajectories are equilibrated for 1 ns and propagated for 10 ns, using a
cubic box with periodic boundary conditions containing 216
molecules. All data are divided into 20 groups to calculate the
standard error. The friction parameter for the Langevin thermostat
(γLang) and that for the barostat (γLangV ) are all 5.0 ps−1. The “piston”
mass W is set to the recommended value as shown in eq 29. The
cutoff for the short-range interactions is 9 Å. All MD simulations are
performed by our modified DL_POLY_2 package.67 Panel (f) is a
snapshot of 216 water molecules in a cubic box with periodic
boundary conditions.
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biological systems to tackle multitime-scale problems. By
applying holonomic constraints to high-frequency modes, it is
possible to significantly increase the time interval in the MD
simulation. In light of our investigation on the canonical
ensemble in ref 49, we propose the “middle” scheme with
holonomic constraints for the isobaric−isothermal ensemble.
The details of the decomposition and of the algorithm are
shown in Section S4. Here, we use the SCR barostat as an
example for a liquid water model with fixed O−H bond lengths
and H−O−H bond angles, where all intramolecular modes are
frozen.

MD simulations with the SPC/E water model are performed
at the state point with constant temperature T = 298.15 K and
constant external pressure P = 1 atm. We implement the
“middle” scheme for the isobaric−isothermal ensemble in the
AMBER software package.68,69 While a system of 324 water
molecules in a cubic box with periodic boundary conditions is
simulated with pmemd.MPI for CPU-based parallel comput-
ing, a system of 1296 water molecules in a cubic box with
periodic boundary conditions is investigated with pmemd.cu-
da_SPFP for GPU acceleration. In the MD simulations, 16
trajectories are equilibrated for 1 ns and propagated for
additional 10 ns for estimating thermodynamic properties. All
data are divided into 16 groups to calculate the standard error.
The friction parameter for the Langevin thermostat (γLang) is
5.0 ps−1. The characteristic time τP for the SCR barostat is set
to 2.0 ps and the isothermal compressibility κT is 4.5 × 10−5

bar−1. The cutoff for the short-range interactions is 9 Å.
The results are shown in Figure 9. When the time interval Δt

= 6.0 fs is used, the absolute deviation from the converged
value of the density for the “middle” scheme is only 5 × 10−4 g·
cm−3, while the same quantity for the “side” scheme is as large
as 6 × 10−3 g·cm−3. Similarly, the “middle” scheme significantly
outperforms the conventional “side” scheme in AMBER for
calculating the enthalpy per molecule, molar isobaric heat
capacity, isothermal compressibility, and thermal expansion
coefficient. Figure 9 indicates that the “middle” scheme is
superior to the conventional “side” scheme for simulating the
isobaric−isothermal ensemble even for molecular systems with
holonomic constraints.

3.6. Liquid Water with the Flexible and Polarizable
MB-pol Force Field. MB-pol is an accurate, flexible and
polarizable water model developed by Paesani and co-
workers.64−66 Reference 71 shows that the density anomaly
of water is indicated by the simulation results of liquid water at
various temperatures computed by MB-pol. The MD
simulations with the conventional “side” scheme reported in
ref 71 was performed by the authors’ in-house DL_POLY_2
software package, where a cubic box of 256 molecules with
periodic boundary conditions was used and the total time
length of the MD trajectory ranged from 1.9 to 8.0 ns with a
time interval of Δt = 0.2 fs. The Nose-Hoover chain
thermostat and the MTTK barostat were applied. To obtain
converged values, longer trajectories were required for
simulations at lower temperatures.
Since ref 71 reported MD simulation results for the density

and isobaric heat capacity produced by the conventional “side”
scheme, we focus on the two thermodynamic properties for the
comparison between the “middle” and “side” schemes. We
perform MD simulations with MB-pol for liquid water under
the condition of constant external pressure P = 1 atm for a
system of 256 molecules in a cubic box with periodic boundary
conditions. The Langevin thermostat and the MTTK barostat
are employed. After each trajectory is propagated to 0.2 ns for
approaching the equilibrium, it is further propagated for 1 ns
for evaluating thermodynamic properties. Ten MD trajectories
are employed for T = 278 K or lower temperatures, while five
MD trajectories are used for temperatures above T = 278 K.
The friction parameter for the Langevin thermostat (γLang) and
that for the barostat (γLangV ) are 5.0 ps−1. The “piston” mass W
is set to the recommended value as described in eq 29. The
cutoff for the short-range interactions is 9 Å.
Figure 10 shows that, when the “middle” scheme is used, a

time interval of Δt = 1.5 fs is sufficient to achieve the same

Figure 8. Results of NPT PIMD simulations for liquid water at T =
298.15 K and Pext = 1 atm using q-SPC/fw model with increasing time
intervals. The MTTK barostat is used for the PIMD simulation. The
calculated thermodynamic properties include (a) density, (b)
enthalpy per molecule using the virial form kinetic energy, (c)
molar isobaric heat capacity, (d) isothermal compressibility and (e)
thermal expansion coefficient. Red lines: the velocity-verlet-based
“middle” scheme. Black and blue lines: conventional “side” schemes.
Twenty-four beads are employed and 5 trajectories are equilibrated
for 1 ns and propagated for 10 ns using a cubic box with periodic
boundary conditions containing 216 molecules. The friction
parameter for the Langevin thermostat (γLang) is 5.0 ps−1 for the
first staging mode and L / for other staging modes of PIMD. The
friction parameter for the barostat (γLang) is 5.0 ps−1. The “piston”
mass W is set to the recommended value as shown in eq 29. The
cutoff for the short-range interactions is 9 Å. All PIMD simulations
are performed by our modified DL_POLY_2 package.67 Panel (f) is
an illustration of path integral beads when simulating 216 water
molecules in a cubic box with periodic boundary conditions.
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converged results yielded by the conventional “side” scheme
with Δt = 0.2 fs. This is consistent with the conclusion in
Figure 7 with a simpler water force field. When Δt = 1.5 fs is
used with the “side” scheme instead, the results significantly
deviate from the converged results. The “middle” scheme
enhances the sampling efficiency for the isobaric−isothermal
ensemble by a factor of 5−10 even for the accurate, but more
computationally expensive MB-pol force field. It is expected
that the “middle” scheme for the isobaric−isothermal
ensemble will be generally useful to accelerate developing
accurate (machine learning) force fields and to improve the
efficiency of ab initio simulations for water/ice and other
important chemical, materials, and biological molecular
systems in solution or at interfaces/surfaces.64−66,72−84

Finally, we note that
V
1

0
should, in principle, be replaced by

V
1

and moved into the integrand of the volume variable for all
related equations for the isobaric−isothermal ensemble
throughout the paper. The modification leads to a more
faithful description of the isobaric−isothermal ensemble when
the number of particles of the system, N, is small.85,86 For
instance, eqs 2 and 3 become
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In the ideal gas limit, eqs 42 and 43 produce the correct
equation of state P⟨V⟩ = NkBT while eqs 2 and 3 yield P⟨V⟩ =
(N + 1)kBT. It makes no difference in the thermodynamic limit
(where the number of particles of the system approaches
infinity). The difference due to the finite size effect is of the
order of 1/N, which is often smaller than the statistical error
bar of the data for real molecular systems (e.g., those studied in
the paper). It is trivial to apply the recommended “middle”
scheme to cases where the modification is necessary.

4. CONCLUDING REMARKS
In this paper we propose the unified “middle” scheme for MD
and PIMD to sample the isobaric−isothermal (constant-NPT)
ensemble, regardless of which barostatting or thermostatting
method is used. As described in ref 45, a reasonable thermostat
always produces the correct Maxwell momentum distribution
after the operation of e tT . Similarly, a reasonable barostat
yields the correct volume distribution after the operation of
e tBar at least in the limit Δt → 0. Any reasonable barostats
and thermostats can be employed in the unified “middle”
scheme to produce simple, robust, accurate and efficient
algorithms for MD or PIMD simulations of general molecular
systems under conditions of constant pressure and temper-

Figure 9. Results of liquid water with the SPC/E model at T = 298.15
K and Pext = 1 atm with increasing time intervals. Intramolecular O−
H bonds length and H−H bonds length corresponding to the fixed
bond angle are constrained. The MD simulations are performed with
AMBER. The SETTLE algorithm for constraining triatomic
molecules is employed in the AMBER simulation.70 The SCR
barostat is implemented and used in AMBER. The calculated
thermodynamic properties include (a) density, (b) enthalpy per
molecule, (c) molar isobaric heat capacity, (d) isothermal
compressibility and (e) thermal expansion coefficient. Red and
green lines: the leapfrog-based “middle” scheme with CPU-based
parallelization and with GPU-accelerated computing, respectively.
Black and blue lines: the conventional “side” scheme with CPU-based
parallelization and with GPU-accelerated computing, respectively. All
MD simulations are performed using the modified AMBER software
package.68,69 Panel (f) is a snapshot of 324 rigid water molecules in a
cubic box with periodic boundary conditions.

Figure 10. Simulation results for the temperature dependence of the
density and that of the isobaric heat capacity for liquid water at Pext =
1 atm using the MB-pol model. The MTTK barostat is used for the
MD simulation. Red lines and orange lines: the velocity-verlet-based
middle” scheme with two different time intervals. Green line: the
conventional “side” scheme with the time interval of Δt = 1.5 fs. Cyan
line: data from ref 71 produced by the conventional “side” scheme
with Δt = 0.2 fs. Purple line: experiment data. All MD simulations are
performed by our modified DL_POLY_2 software package.67
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ature. In the limit case that the barostat is effectively withdrew,
the unified “middle” scheme for the constant-NPT ensemble is
reduced to that for the constant-NVT ensemble proposed in
refs 37, 45, 48, and 49. For demonstration in this work, we
employ the MTTK barostat and the SCR barostat, with the
Langevin thermostat, for studying isotropic systems. It is
straightforward to implement the recommended “middle”
scheme when other barostats (including the Parrinello−
Rahman (PR) barostat38) or thermostats (Andersen thermo-
stat,14 Nose ́-Hoover thermostat and Nose ́-Hoover
Chains,53,54,56,87 and so on) are used, as well as when
anisotropic systems are investigated. For instance, in Section
S6, we present the “middle” scheme with the MTTK barostat
for simulating anisotropic systems under conditions of
constant pressure and temperature.
As demonstrated in Section S2, the recommended “middle”

scheme leads to a more accurate distribution of the volume
and coordinate (configuration), when the same finite time
interval Δt is used. The conclusion applies to general
molecular systems where the van der Waals or/and electro-
static/polar intermolecular interactions are involved. MD or
PIMD simulations of the isobaric−isothermal ensemble are
performed for the LJ liquid, liquid para-hydrogen, liquid water
with several typical force fields (SPC/E rigid water model,
flexible q-SPC/fw model, and flexible and polarizable MB-pol
model). We test a few typical thermodynamic properties of the
isobaric−isothermal ensemble, which include the density,
enthalpy, isobaric heat capacity, isothermal compressibility,
and thermal expansion coefficient. In comparison to the two
conventional algorithms of the “side” scheme (as implemented
in GROMACS), the “middle” scheme demonstrates superior
performance and increases the time interval by a factor of 5−
10 to achieve the same accuracy of converged results. Because
the “middle” scheme does not cost any additional numerical
effort beyond what is required by the conventional NPT MD
algorithms, it is capable of improving the sampling efficiency
by a factor of 5−10 for the isobaric−isothermal ensemble.
We have integrated the recommended “middle” scheme for

the isobaric−isothermal ensemble in prevailing molecular
simulation packages, e.g., AMBER, GROMACS, and DL-
POLY. For instance, based on our earlier contribution (on
implementation of the “middle” thermostat scheme for
sampling the canonical ensemble) to AmberTools and
AMBER,49,88,89 the “middle” scheme with the SCR barostat
for sampling the isobaric−isothermal ensemble has been coded
in “pmemd” of AMBER for both serial and parallel versions of
either of CPU and GPU computing, and in “sander” of
AmberTools for CPU-based serial as well as parallel
computing. It will be available in the 2025 version and later
versions of AMBER and AmberTools. In the previous versions
of GROMACS, a bug exists in the evaluation of the
instantaneous internal pressure of the implementation of the
MTTK barostat, which counts twice the tail corrections from
the contribution of the dispersion interactions between the
atoms beyond the cutoff. Such a bug leads to the higher
converged density in MD simulations. We have reported this
issue to GROMACS developers,90 and have rectified the bug in
the 2025 version. More importantly, we have integrated the
efficient “middle” scheme with the MTTK barostat in
GROMACS, which will be released soon. The recommended
“middle” scheme for the isobaric−isothermal ensemble should
also be implemented in CHARMM,91 LAMMPS,92 and other
molecular simulation packages.

The “middle” scheme can be combined with other enhanced
sampling techniques (e.g., thermodynamic integration,93

umbrella sampling,94,95 metadynamics,96 integrated temper-
ing/Hamiltonian methods,97−100 reweighting techniques101).
Because most nonadiabatic transition processes of real systems
in condensed phase take place under conditions of constant
pressure and temperature, the “middle” scheme is also useful to
prepare the corresponding initial condition for trajectory-based
nonadiabatic molecular dynamics methods.102−104 It is
expected that the “middle” scheme for the isobaric−isothermal
ensemble will be widely used for simulations for real complex
systems, and will also help develop accurate (machine
learning) force fields for important systems to understand or
predict experimental processes/phenomena.64−66,72−84
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