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state 1 and that of state 2, respectively, for eCMM in the diabatic
representation, panels c and d of Figure 1 show those calculated
by eCMM in the adiabatic representation. Figure 2 then presents
those results obtained by eCMMcv. Two values

F F( 1 1)/ 0.366γ = + − = and γ = 1/2 are used for
parameter γ in eq 7 for eCMM and that in eq 39 for eCMMcv.
Figures 1 and 2 demonstrate that either eCMM or eCMMcv
yields results close to the exact transmission of either of state 1
and state 2 in a large range of the initial average momentum (P0
≥ 10 au), independent of the choice of γ and of the
representation of the electronic states. In the small initial
average momentum region (P0 < 10 au), the exact results
produced by the discrete variable representation (DVR)
approach95 exhibit a threshold. Both eCMM and eCMMcv are
competent in capturing such a threshold. Comparison between
eCMM (Figure 1) and eCMMcv (Figure 2) shows that
eCMMcv is less sensitive to the value of parameter γ. (More
comparison is available in Section S2 of the Supporting
Information.) The regime F F( 1 1)/ , 1/2[ + − ] is recom-
mended for γ in eCMMcv. We then focus on this reasonable
regime for parameter γ, which will be tested for the rest of the
benchmark models in the paper.

3.1.2. Dual Avoided Crossing. In the DAC model, the
diagonal elements of the potential operator are V11 = 0 and V22 =
−Ae−BR2

+ E0, and the off-diagonal ones are V12 = V21 = Ce−DR2

,
where the parameters are set as A = 0.10, B = 0.28, E0 = 0.05, C =
0.015, and D = 0.06. Two crossing points appear in the diagonal

potential energy surfaces. At time t = 0, state 1 is occupied with
the initial nuclear wavepacket Ψ(R;t = 0) ∝ exp[−α(R − R0)2/2
+ i(R − R0)P0/ℏ], where the Gaussian width parameter is α = 1
au, the initial average coordinate is R0 = −10 au, and the initial
average momentum P0 varies from 2 to 50 au.

Results for the transmission coefficients are presented in
Figure 3 and Figure 4. Panels a and b in Figure 3 show the
eCMM results on state 1 and on state 2, respectively, using the
diabatic representation. The results produced by Ehrenfest
(mean field) dynamics demonstrate a noticeable deviation from
the exact DVR data for P0 ≥ 10 au. The eCMM approach with
either F F( 1 1)/ 0.366γ = + − = or γ = 1/2 yields accurate
results for the relatively large initial average momentum (P0 ≥ 10
au). It captures the correct shape of Stückelberg oscilla-
tions.14,57,96 The eCMM results calculated in the adiabatic
representation shown in panels c and d of Figure 3 are consistent
with those in the diabatic representation demonstrated in Panels
3(a) and 3(b). Figure 4 presents the eCMMcv results for the
same model. In comparison to the eCMM results of Figure 3, the
eCMMcv data of Figure 4 show better performance in a large
range of initial average momentum and are also less sensitive to
parameter γ.

3.2. Three-State Photodissociation Models of Miller
and Co-workers. The coupled three states with Morse
oscillators proposed by Miller and co-workers,58 which mimic
ultrafast photodissociation processes, provide another set of gas
phase benchmark models for testing nonadiabatic dynamics

Figure 3. Transmission coefficients of Tully’s DAC model. In panel a, orange and purple solid lines: eCMM transmission coefficients on state 1 for γ =
0.366 and γ = 0.5, respectively. Black solid line: Exact results yielded by DVR. Blue dashed line with circles: Ehrenfest dynamics. Panel b is similar to
panel a but for the eCMM transmission coefficients on state 2. Panels c and d are the same as panels a and b, respectively, except that the adiabatic
representation is used in panels c and d. The transmission coefficients in the adiabatic representation are transformed to those in the diabatic
representation for fair comparison.
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methods. The models are composed of three Morse potentials
with Gaussian coupling terms, which are of the form

V x D e C i

V x V x A e i j i j

( ) 1 , 1, 2, 3.

( ) ( ) , , 1, 2, 3; and .

ii i
x R

i

ij ji ij
x R

( ) 2

( )

i i

ij ij
2

= [ − ] + =

= = = ≠

β

α

− −

− −

(45)

The parameters for the three models are listed in Table 1. The
nuclear mass is set to m = 20000 au. The initial Gaussian
wavepacket for the nuclear DOF is prepared from a ground state
with frequency ω = 5 × 10−3 au = 1097 cm−1 centering in Re =
2.9, 3.3, and 2.1 au for models 1, 2, and 3, respectively. The
Wigner distribution for the nuclear DOF is

x p m x R p m( , ) exp ( ) / /( )e
2 2ρ ω ω∝ [− − ℏ − ℏ ] (46)

We use 96 000 trajectories to yield fully converged data in each
eCMM or eCMMcv simulation.

The three systems have been studied by a few nonadiabatic
dynamics methods based on the Meyer−Miller mapping
Hamiltonian.29,58,90,94 Because the Gaussian coupling terms of

eq 45 are relatively local, short-time dynamics implies the Born−
Oppenheimer limit.

Figure 5 compares the exact population of each state in each
model as a function of time produced by DVR, that generated by
eCMM, and that yielded by eCMMcv. While panels a, c, and e
demonstrate the eCMM/eCMMcv results with parameter

F F( 1 1)/ 0.333γ = + − = for models 1, 2 and 3,
respectively, panels b, d, and f show such results with γ = 1/2.
Figure 5 indicates that eCMMcv is overall superior to eCMM in
the three model tests. The eCMMcv approach is more accurate
as well as less sensitive to parameter γ. This is mainly because
eCMMcv approaches the Born−Oppenheimer limit when the
state−state coupling disappears at short times.

In Figure 6, we compare the performance of eCMMcv (with γ
= 1/2 for demonstration) to that of Ehrenfest dynamics.
Ehrenfest dynamics produces reasonable short time results but
yields significant deviation from the long time limit. In
comparison, eCMMcv generates much more accurate results
for these three models.

Figure 4. Same as Figure 3, but for transmission coefficients obtained by eCMMcv.

Table 1. Parameters of 3-State Photodissociation Morse Potential Models58

parameters model 1 model 2 model 3

D1, D2, D3 0.003, 0.004, 0.003 0.020, 0.010, 0.003 0.020, 0.020, 0.003
β1, β2, β3 0.65, 0.60, 0.65 0.65, 0.40, 0.65 0.40, 0.65, 0.65
R1, R2, R3 5.0, 4.0, 6.0 4.5, 4.0, 4.4 4.0, 4.5, 6.0
C1, C2, C3 0.00, 0.01, 0.006 0.00, 0.01, 0.02 0.02, 0.00, 0.02
A12, A23, A31 0.002, 0.002, 0.0 0.005, 0.0, 0.005 0.005, 0.0, 0.005
R12, R23, R31 3.40, 4.80, 0.00 3.66, 0.00, 3.34 3.40, 0.00, 4.97
α12, α23, α31 16.0, 16.0, 0.0 32.0, 0.0, 32.0 32.0, 0.0, 32.0
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different cases. In the first case the initial excitation occurs on
pigment/site 1, and in another case pigment/site 6, instead, is
excited at the beginning. Since coherence effects could be
important in the photoharvesting system, we calculate the
population of each site as well as the electronic coherence terms
(i.e., the off-diagonal elements of the reduced density matrix for
the electronic DOFs). An ensemble of 120 000 trajectories is
used in each eCMM or eCMMcv simulation. Several numeri-
cally exact approaches are capable of offering benchmark results
for the FMO monomer model, which include quasi-adiabatic
propagator path integral (QuAPI),109−111 hierarchical equations
of motion (HEOM)112−120 and multilayer multiconfigurational
time-dependent Hartree (ML-MCTDH).107,121−125 We utilize
HEOM to obtain exact results for the FMO model system.
Parameter F F( 1 1)/ 0.261γ = + − ≈ or γ = 1/2 is used for
eCMM and eCMMcv.

Figure 7 shows the population of each site of the FMO
monomer when site 1 is initially excited. While panels a and b
d e m o n s t r a t e t h e e C M M r e s u l t s f o r

F F( 1 1)/ 0.261γ = + − ≈ and γ = 1/2, respectively, panels
c and d present the corresponding results generated by
eCMMcv. Panel e shows that Ehrenfest dynamics works poorly
in this case. Figure 8 demonstrates the same information as
Figure 7, but for the initial excitation on site 6 instead. It is
indicated in Figure 7 and Figure 8 that the results yielded by
eCMM are close to those by eCMMcv, which are reasonably
accurate in comparison to exact data. The eCMMcv approach
performs slightly better than eCMM for this site-exciton model
system.

We then study the (electronic) coherence terms. The four
most important off-diagonal elements (which have the largest
absolute values) of the reduced density matrix are selected for
demonstration. The moduli of ρ12, ρ13, ρ15, and ρ34 are illustrated
in Figure 9 for the case where site 1 is initially excited. When site
6 is excited at the beginning, the moduli of ρ34, ρ45, ρ47, and ρ56
are presented in Figure 10. In comparison to the poor
performance of Ehrenfest dynamics (as shown in Figure 9e or
Figure 10e), either eCMM or eCMMcv yields much more

Figure 7. Population dynamics of the 7-state site-exciton model for FMO at 77K, where the initial excitation is on the first pigment (site 1). Panels a
and b show the eCMM results with parameter γ = 0.261 and those with γ = 0.5, respectively. Red, blue, purple, black, blue, orange, and green lines
present populations of sites 1, 2, 3, 4, 5, 6, and 7, respectively. Dashed lines: The eCMM results. Solid lines: Exact results by HEOM. Panels c and d are
the same as panels a and b, respectively, but for the eCMMcv results. In panel e, dashed lines are used for Ehrenfest dynamics results, while solid lines
are for HEOM results.

Figure 6. Comparison between eCMMcv and Ehrenfest dynamics. Solid circles: The eCMMcv results with γ = 0.5. Solid lines: Exact results generated
by DVR. Dashed lines: Ehrenfest dynamics. Black, red, and blue colors represent populations on the first, second, and third states, respectively. Panels
a, b, and c are for models 1, 2, and 3, respectively.
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reasonably good results. The eCMMcv results are slightly closer
to the HEOM data than the eCMM ones in Figure 9 and Figure
10.

More results on the population dynamics of each site of the
FMO monomer for 77 and 300 K are available in Section S3 of
the Supporting Information, in which the eCMM/eCMMcv
approaches are compared to Ehrenfest dynamics as well as
HEOM. Provided that the eCMM/eCMMcv approaches lead to
overall satisfying short-time as well as long-time dynamics results
for the FMO monomer for 77 and 300 K, it is reasonable to
expect that eCMM/eCMMcv can in principle predict semi-
quantitative data for very low temperature or even 0 K, where it
is generally difficult for HEOM to obtain converged data. The
reliable performance of eCMM for the spin-boson model at 0K
has already been demonstrated in refs 41 and 42. Figure 11

compares the population dynamics for site 1 as well as site 3 for
the FMO monomer at different temperatures when site 1 is
initially activated. As the temperature decreases, the relaxation
time scale increases. While the oscillating behavior (of the
population dynamics of site 1) vanishes after only two periods
(less than 300 fs) at 300 K, such behavior lasts significantly
longer than 1000 fs at 0 K as shown in Figure 11.

3.4. Atom-in-Cavity Models. Mixed quantum-classical
trajectory-based methods have been utilized to study interaction
dynamics of light and matter, which offer approximate but
practical approaches for simulating realistic systems in
chemistry, materials, and biology.126−136 We utilize eCMM
and eCMMcv to test the performance of describing the cavity-
modified chemical dynamics. The benchmark system that we
study in this section involves interaction between an atom with

Figure 9. Coherence terms of the 7-state site-exciton model for FMO at 77K, where the initial excitation is on the first pigment (site 1). Panels a and b
show the eCMM results with parameter γ = 0.261 and those with γ = 0.5, respectively. Red, blue, purple, and and black colors are used for |ρ12|, |ρ13|,
|ρ15|, and |ρ34|, respectively. Dashed lines: The eCMM results. Solid lines: Exact results by HEOM. Panels c and d are the same as panels a and b,
respectively, but for the eCMMcv results. In panel e, dashed lines are used for Ehrenfest dynamics results, while solid lines are for HEOM results.

Figure 8. Same as Figure 7, but for the case where the initial excitation occurs on the sixth pigment (site 6).
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frozen nuclear DOFs in a one-dimmensional lossless cavity,
which exhibits relaxation dynamics (for the atom) in
conjunct ion with spontaneous emiss ion of pho-
tons.50,60−63,93,134 The atomic electronic states are coupled
because of the interaction of the cavity field and the transition
moments between different atomic energy levels. Such a system
can be elaborated as a multielectronic-state Hamiltonian model,
of which the off-diagonal terms are from the coupling with the
cavity field. After making the dipole approximation137,138 and
neglecting the second order interaction (which only leads to a
constant shift of the energy level in a two-state system139), a
general Hamiltonian reads,62,63

H k k R k k

P R1
2

( )
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k
k k
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= ′ =
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where |k⟩ is the kth atomic energy level, {Pα̂, R̂α, ωα̂} denote the
momenta, positions, and frequencies of the photonic modes in
the cavity, Ne and Np stand for the number of atomic energy
levels and that of cavity field modes, respectively, μkk′ is the
transition dipole moment between two energy levels |k⟩ and |k′⟩,
and λα� λα(rA) represents the coupling between the αth field
mode and the atom at fixed position rA. The values of the
parameters of the Hamiltonian are given in refs 50, 62, and 63,
which we briefly describe below. (All parameters are used in
atomic units.)

Figure 11. Dynamics at different temperatures for the FMO monomer model when site 1 is initially activated. Red, black, and blue lines represent
populations at 300, 77, and 0 K, respectively. Solid lines: The eCMM/eCMMcv results for site 1 (pigment 1). Dashed lines: The eCMM/eCMMcv
results for site 3 (pigment 3).

Figure 10. Same as Figure 9, but for the case where the initial excitation occurs on the sixth pigment (site 6). In this case, red, blue, purple, and black
lines are used to present |ρ34|, |ρ45|, |ρ47|, and |ρ56|, respectively.
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can be obtained by the truncated configuration interaction (CI)
approach, which are available in refs 62 and 63.

Figure 12 and Figure 13 show the population dynamics of the
two-level model and that of the three-level model, respectively.
The eCMM and eCMMcv results are obtained with

F F( 1 1)/ 0.366γ = + − = or γ = 1/2 for the 2-level
model, and with F F( 1 1)/ 0.333γ = + − = or γ = 1/2 for
the 3-level model. The exact data62,63 and Ehrenfest dynamics
results are also demonstrated for comparison. As shown in panel
e of Figure 12 and panel e of Figure 13, the Ehrenfest dynamics
results considerably deviate from the exact population dynamics
even at very short times, which agrees with what was reported in
refs 50, 62, and 63. In contrast, Ehrenfest dynamics yields
reasonable behavior at very short times in the previous
benchmark models studied in the paper, although its long
time performance is often poor. This indicates that the atom-in-
cavity models are even more challenging for testing the
outperformance of a nonadiabatic dynamics method beyond
Ehrenfest dynamics. It has been demonstrated in refs 62 and 63
that the fewest switches surface hopping approach57 generates
even worse results than Ehrenfest dynamics.

Figure 12a−d and Figure 13a−d demonstrate that the results
yielded by eCMMcv are very similar to those produced by
eCMM. Either eCMM or eCMMcv achieves significantly better
performance than Ehrenfest dynamics in describing the cavity-
modified chemical dynamics of the two models. The
reabsorption and re-emission process of the earlier emitted
photon by the atom occurs around t = 1800 au. It is encouraging
that both eCMM and eCMMcv are capable of semiquantitively
depicting the positive (negative) spike in the excited (ground)
electronic state of the atom. Figures 12 and 13 can be compared
to Figures 8 and 12 of ref 63 as well as Figures 1 and 2 of ref 50.

Although eCMMcv is developed in an exact phase space
mapping formulation of the correlation function as described in
Section 2.1, its trajectory-based dynamics governed by the
general mapping Hamiltonian with commutator variables (eq 29
or eq 36) is nevertheless an approximation to the exact equations
of motion in quantum mechanics. Although the eCMMcv
approach leads to overall reasonably good results in various
model tests as shown in Figures 1−13, in the future it will be
useful to overcome several drawbacks of eCMMcv. As shown in
Figures 3 and 4, neither eCMM nor eCMMcv performs well in
the low momentum region, which implies that the performance
of eCMMcv should be improved in order to faithfully describe
the deep tunneling regime. Figures 3 and 4, Figures 7 and 8, and
Figure 13 indicate that negative values for the population of a
site/state can occasionally occur in eCMMcv results, while the
window function treatment of the SQC approach29 is expected
to solve such a problem. Like most approximate nonadiabatic
dynamics methods, the eCMMcv approach does not guarantee
that the detail balance is rigorously satisfied for both electronic
and nuclear DOFs when the whole system is at thermal
equilibrium, although the long time limit results for the
electronic DOFs for most model tests are reasonably good. It
will be interesting to see how the strategies of refs 140−142 and
of refs 143 and 144 can practically be used to systematically
improve the mapping Hamiltonian dynamics for multidimen-
sional nonadiabatic systems.

4. CONCLUDING REMARKS
In the conceptually different picture presented in the unified
framework for phase space mapping models,13 it is indicated that

there exists a more comprehensive mapping Hamiltonian (eq 29
or eq 36) beyond the well-known Meyer−Miller Hamilto-
nian11,12 (eq 3), where commutator matrix Γ that consists of

auxiliary mapping variables for ( ,i
x
n

y
m

8
( ) ( ){ σ σ− [ ̂ ̂ ] +

, )x
m

y
n( ) ( ) }σ σ[ ̂ ̂ ] , rather than the conventional zero-point-energy

parameter, is involved. In the exact mapping formulation on
constraint space for phase space approaches for nonadiabatic
dynamics,41,42 such a general mapping Hamiltonian with
commutator variables (eq 29 or eq 36) can be used to produce
eCMMcv, an approximate trajectory-based approach. We have
tested a few benchmark models that range from gas phase to
condensed phase systems, which include the SAC and DAC
scattering models,57 3-state photodissociation models,58 7-site
model of the Fenna−Matthews−Olson (FMO) monomer,59

and atom-in-cavity models.60−63 Parameter γ in the exact
mapping kernel i s recommended in the region,

F F( 1 1)/ , 1/2[ + − ], where the eCMMcv results are
relatively insensitive to the value of γ. The results demonstrate
that the overall performance of the general mapping
Hamiltonian (eq 29 or eq 36) employed in eCMMcv is better
than the original Meyer−Miller Hamiltonian (eq 3) used in
eCMM.

The conclusion applies to the most recent version of
symmetrical quasi-classical (SQC) dynamics with triangle
window functions.29 The successful SQC methods of Cotton
and Miller employ the conventional Meyer−Miller Hamiltonian
or its symmetrized form.18−29 As shown in Section S4 of the
Supporting Information, when the original Meyer−Miller
Hamiltonian is replaced by the general mapping Hamiltonian
with commutator variables (eq 29 or eq 36), the performance of
the latest SQC approach of ref 29 can be improved. It is expected
that the general mapping Hamiltonian (eq 29 or eq 36) should
also be useful in other mixed quantum-classical methods based
on the Meyer−Miller mapping Hamiltonian. We note that the
additional computation cost for the commutator variables is
negligible in comparison to the force for nuclei for realistic
systems. So we expect that the general mapping Hamiltonian
with commutator variables (eq 29 or eq 36) will be useful for on-
the-fly nonadiabatic dynamics.55,56 (See more discussion for
mapping dynamics in the adiabatic representation in Section S1
of the Supporting Information.)

The strategy with a commutator variable matrix can in
principle be utilized in other mapping models (e.g., those of the
unified framework of ref 13). For example, the general mapping
Hamiltonian for Model I of ref 13 in the diabatic representation
is

( )H

x p y p V

R P x p y p P M P

R

, ; , , , ; 1
2

( ) ( )

map
T

n m

F
n

y
m n

x
m

nm mn

x y
1

, 1

( ) ( ) ( ) ( )∑

Γ =

+ [ − − Γ ]

−

= (54)

or
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