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ABSTRACT: We have recently proposed a new uni ed theo-
retical scheme (the “middle” scheme) for thermostat algorithms
for e cient and accurate con gurational sampling of the canon-
ical ensemble. In this paper, we extend the “middle” scheme to
molecular dynamics algorithms for con gurational sampling in
systems subject to constraints. Holonomic constraints and iso-
kinetic constraints are used for demonstration. Numerical
examples indicate that the “middle” scheme presents a promising
approach to calculate con guration-dependent thermodynamic

properties and their thermal uctuations.

1. INTRODUCTION

Since the pioneering work by Fermi, Pasta, and Ulam in 1955
and that by Alder and Wainwright in 1957, molecular dynam-
ics (MD) has become a powerful and widely used tool for
studying classical thermodynamic and dynamic properties of
systems in chemistry, biology, and materials science.>* When
MD is used to perform imaginary time path integral (PIMD), it
0 ers an e cient approach for studying qsuantum statistical
e ects in general realistic molecular systems.” ‘%" Many cases
of interest involve sampling the canonical ensemble, where the
number of articles (N), volume (V), and temperature (T) are
constant.

We have recently proposed a uni ed theoretical frame-
work'®!* to include various thermostat algorithms for
MD**? 2 and those for PIMD®?” ** proposed in the literature
for the canonical (NVT) ensemble, regardless of whether the
thermostat is stochastic or deterministic. While most conven-
tional algorithms®*? 227 393233 can e uni ed in the “side” or
“end” scheme in the uni ed theoretical framework, the “middle”
scheme suggested in refs 10 and 11 leads to more e cient and
accurate con gurational (i.e., conformational) sampling,
irrespective of whether the thermostat is stochastic or
deterministic. The “middle” scheme includes the latest prog-
ress in developing e cient Langevin thermostat algo-
rithms?® 242°3* as well as provides a scenario for rationally
designing various other types of e cient thermostat algo-
ritth.S’ 0,11,35

In this paper, we generalize the uni ed thermostat framework
to deal with systems subject to constraints. Two types of
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constraints are demonstrated as examples. One is the
holonomic constraint that is often employed to ameliorate
time-scale problems in MD simulations. The holonomic
constraint is used to x certain geometric parameters, such as
bond lengths, bend angles, and torsion angles at speci ¢ values,
thereby avoiding high-frequency motions. The equations of
motion for a system with these geometric constraints can be
numerically solved using Lagrange multipliers or projection
methods. Ryckaert et al. developed the SHAKE algorithm to
solve the nonlinear equations (for Lagrange multipliers)
iteratively to satisfy given numerical tolerance.*® Andersen
further proposed the RATTLE variant of the SHAKE algorithm
for MD using the velocity Verlet integrator.®” The SETTLE
algorithm analytically solves the set of nonlinear equations for
triatomic molecular systems.*® Though it cannot be extended to
systems with more atoms, it is very useful for constraining water
molecules, which is important in biological simulations. There
are various methods derived from SHAKE, such as the
M-SHAKE,* SHAPE,* and LINCS** algorithms, which may
be faster than SHAKE under certain conditions. In the present
paper, we employ the SHAKE/RATTLE algorithms as
examples for the component-wise solution of the undetermined
Lagrange multipliers (see section S1 in the Supporting
Information), but they can be directly replaced by other ones
for holonomic constraints.
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The other useful constraint is the isokinetic constraint, a
nonholomonic condition on the kinetic energy, used in some
thermostat algorithms for systems at constant temperature.
Isokinetic ensemble technlques have been proposed and
formulated since the 1980s.*’ “° More recently, multiple
time-step (MTS) algorithms using the Nose Hoover chain
(NHC) apgroach and the isokinetic constraint have been
developed.”® “° All these algorithms, irrespective of whether
the (related) equations of motion are deterministic or
stochastic, implement the isokinetic constraint to restrict the
kinetic energy thereby moderating the resonance e ect that
occurs in other MTS algorithms. We use the latest algorithm
the so-called “Stochastic-1so-NHC-RESPA” (SIN(R))* as
an example to show that the “middle” scheme can lead to more
e cient algorithms for SIN(R).

The paper is organized as follows. Section 2 rst brie y
reviews the uni ed thermostat framework recently developed
for the NVT ensemble as well as the SHAKE/RATTLE
algorithms for the NVE ensemble subject to holonomic
constraints, and then it presents both conventional and novel
algorithms for three typical thermostats for the NVT ensemble
with holonomic constraints. Numerical simulations for holo-
nomic constraints are demonstrated in section 3. Section 4
brie y reviews the SIN(R) algorithm and then proposes the
new version in the “middle” scheme, followed by numerical
examples in section 5. Concluding remarks are presented in
section 6.

2. THEORY FOR MOLECULAR DYNAMICS WITH
HOLONOMIC CONSTRAINTS

Consider a classical system with the (time-independent)
Hamiltonian, which we assume to be of standard Cartesian
form

where M is the diagonal “mass matrix” with elements {m;} and p
and x are the momentum and position vectors, respectively.
The total number of degrees of freedom of the system is 3N;
therefore, x and p are 3N-dimensional vectors,and = 1/kgT is
the inverse temperature throughout the paper.
2.1. Uni ed Framework for Molecular Dynamics in
the NVTEnsemble without Holonomic Constraints. We
rst consider two prevailing MD algorithms for the NVE
ensemble. The leapfrog algorithm for propagating a trajectory
of an NVE ensemble through a time interval tis

p%_ pM ﬂmt @

x( t)  x(0) +M 1pﬁ}it

The Kolmogorov operators relevant to the evolution are

%pTM o+ UX)

®)

3, = p'M'—
X

O
3p = _U_
X p (5)
The evolution operator through a time interval t for the
leapfrog algorithm is then
e t é% M te p t 3 3 (6)

and is applied starting with the initial conditions (x(0),
p( t/2)). For the sake of convenience, the numerical
procedure for eqs 2 and 3 for the leapfrog algorithm is denoted
“x-p”, in which the operations are in a right-to-left sequence by
following the convention established in the recent work on the
Langevin equation.®* Similarly the velocity Verlet algorithm
reads

pﬁip@ xa% )

x( ) x(0)+M 1p%£it

p“)pﬁ' MOZ ©

which is denoted “p-x-p” with the operations in a right-to-left
sequence. The evolution operator through a time interval t for
the velocity Verlet algorithm is then

e U Bt ty U2 3 3 (10)

®

In the uni ed theoretical framework that we have recently
proposed, most conventional thermostat algorithms®’*¢ 23
for the NVT ensemble (for the system with no holonomic
constraints) can be included into either the velocity Verlet
version of the “side” scheme

thermostat for half a time step 7t

(inwhich p(0) is updated)

pwi p(0) %%

(1) x(0) + M 1pM£it

U)p%

thermostat for half a time step 7t

x( t)2

(inwhich p( t) is updated) (1)

or the counterpart scheme of eq 11 which is based on the
leapfrog algorithm

0
0 oMl 57
thermostat for a full time step t  (inwhich p(0) is updated)

p&imm %g

x( 1) x(0) + M 1p&1it

12)
The relevant evolution operator in the phase space for the
former scheme is
e U 8 Wt = e T ¥ 5 U2 tg 3 2L /2 3 (13)
while that for the latter is

DOI: 10.1021/acs.jpca.9b02771
J. Phys. Chem. A 2019, 123, 6056 6079


http://dx.doi.org/10.1021/acs.jpca.9b02771

The Journal of Physical Chemistry A

e ! gi‘Eet:extaept/zeTtepa/z 3 (19)

Ineqs 13 and 14, L represents the Kolmogorov operator for
the thermostat. For the sake of convenience, we denote eq 11
“T-p-x-p-T” and eq 12 “x-p-T-p”, where the operations are in a
right-to-left sequence.

In the proposed “middle” scheme for the NVT ensemble (for
systems without constraints),*®** it is suggested that

xmgi x(0) + M 1p&117t

thermostat for a full time step t  (inwhich p M} iis updated)

x( 1) x&li+M 1p&1i7t
(15)

should be used to replace eq 3 in the leapfrog algorithm or eq 8
in the velocity Verlet algorithm to construct e cient thermo-
stat algorithms. That is, replace “x” by “x-T-x" for the leapfrog
and velocity Verlet algorithms (for the NVE ensemble),
respectively. The leapfrog version of the “middle” scheme
(LF-Middle)** reads

M ol x(O)
x&ii x(0) + M lpn»ié

thermostat for a full time step  t Mwhich p M; iis updated i

x( 1) x$i+ M 1p$i7t
(16)
where the relevant evolution operator in the phase space is
t 3 Middle t

a LF — e3x I/2e T te M tlze p t 3 an

We denote eq 16 “x-T-x-p” (LF-Middle), with the operations
in a right-to-left sequence. Similarly, the velocity Verlet
version of the “middle” scheme™ produces

ol PO G5
X$i x(0)+M1p$i?t

thermostat for a full time step t

Mwhich p &1 iis updated i
x( 1) x&li+ M 1pM;i?t

p( 1) p% X( t)z )

where the relevant evolution operator is
e —p B2 x 12

We denote eq 18 “p-x-T-x-p” (VV-Middle).
Consider the harmonic limit where the potential energy
function of the Hamiltonian eq 1 is

e

Middl
t g\,\',et e T lad U2, U2 3(19)

3 UM =X X AKX X)/2 (20)
As long as the thermostat process leaves the Maxwell
momentum distribution unchanged, i.e.

t T 1 — T 1
expg %pM p%-expg %pM p% @D

it is straightforward to follow refs 8, 10, 11, 34, and 35 to prove
that the marginal distribution of the position (i.e., con g-
uration) of the stationary state for the velocity Verlet version
of the “side” scheme (eq 11) is the same as that for its leapfrog
based counterpart (eq 12), i.e.

S|d9: expg E(x eq) M AM 1! Zié(x Xeq)i\E

(22
while that for the “middle” scheme )either “LF-Middle” eq 16

or “VV-Middle” eq 18) is
Moo xo A xeq)ig
(23)

where Zy and Zy are the normalization constants. Note that
“LF-Middle” and “VV-Middle” lead to the exact marginal
distribution of con guration in the harmonic limit %0134
It is easy to prove that for any system, “LF-Middle” and “VV-
Middle” lead to the same marginal distribution of con guration,
while the former produces a more accurate marginal dis-
tribution of momentum.** The thermostat algorithms in the
“middle” scheme are always more accurate and e cient than
those conventional ones in sampling con gurational space for
general molecular systems, 10113435

2.2. Molecular Dynamics for the NVEEnsemble with
Holonotic Constraints. When the system is subject to the
holonomic constraint

Middle _ 1
Middle —

(=0 (24)

where (X) is an n-dimensional vector as a function of the
position vector x, the time derivative of eq 24 implies the
following constraint for the momentum vector p

)
£ w= %W =0 o5

The SHAKE® and RATTLE®" algorithms are two prevailing
approaches for solving the discretized equations of motion of a
molecular system in which certain holonomic constraints are
applied. The leapfrog version of the SHAKE algorithm for
propagating a trajectory in an NVE ensemble through a time
interval t reads

oL Rz

x( 1) x(0)+M 1pﬁlit

t
3X(0) (26)
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olve : E( t) + M 1@ i=0

C. p—
1 x(t) x(t)y+M (O)

: p& p% “t x(0) (28)
In “C;" (eq 28), is the n,dimensional vector of

Lagrange multipliers, and the momentum update step
(ie, the last equation of eq 28) can also be replaced by
p(3) p(3)+EMEC D xC ) orp(3)  AMEC Y xO)
(they perform similarly when double-precision numbers are
used, but the former is better in a typical single-precision
oating-point simulation®®). The rst equation of eq 28 is
generally nonlinear. When the system only has triatomic
molecules such as water, the equation can be analytically solved
by the SETTLE algorithm.* For general molecular systems, the
rst equation of eq 28 can be numerically solved in an iterative
fashion using, e.g., Newton’s method. In Newton’s method, each
iteration step (for updating the solution vector ) reads

solve :M;iTM ! Ol x)

X x+M!?

x(0)
+ (29)

where the initial values for x and can be set as x = x(' t) and

= 0, respectively. When the total number of holonomic
constraints is relatively small, the full set of the vector  (for all
constraints) can be simultaneously updated by the LU
decomposition. The numerical procedure is known as matrix-
SHAKE.** When the system involves a large number of con-
straints and the dimensionality of the matrix equation in eq 29
becomes high, one then often employs a simpler but
computationally less intensive iterative approach. For instance,

replacing the full matrix( ) M 1@ by its diagonal elements
in eq 29, one obtains

[ : = =
solve | a g» i’?. X & () :
gk = 1, n)

i X+ — «(A=1In) z
(0)
k kT ok

(30)

Here x;(i = I, n,) represents the positions of the n, atoms

involved in the kth constraint. One then treats all holonomic

% U
solve a k ii k
L NXC ) am x( t)

R R+

Ny Tl :
_ Kk 3
T Mk t)i_p

constralnts in succession (|n eq 30) during one cycle of the
iteration.*® The procedure in eq 29 or eq 30 is repeated until
some convergence criterion is satis ed for all constraints. The
SHAKE algorithm (egs 26 28) is denoted “C;-x-p”, with the
operations in a right-to-left sequence.

The velocity Verlet version of the RATTLE algorithm for
evolving a trajectory of an NVE ensemble through a time
interval tis

P % | o xti)) 2 @31)

x( t)  x(©0) +M 1p%£1t

(32)
1 —
H‘ )+ M X 1—0
+ML—
x( 1) + X0
t t 1
p%i P i+_t x(0) (33)
t u t
PCY p%i (D2 (34)
U
e : MilM WMo+ izo
o B NCD Hﬁ "D
PCD PO+
(35)
In “C,” (eq 35), is an n-dimensional variable. The rst

equation of eq 35 is equivalent to the linear system of equations

T T
solve : MX( t)lM ! D = MﬂiM o( t)

(36)

It can be analytically solved for triatomic molecules (e.g.,
H,0) by the SETTLE algorithm.*® When the total number of
holonomic constraints in the system is not large, because

T
1 . . oy . .
( < t)) M " is @ symmetric and positive-de nite matrix,

eq 36 can be straightforwardly solved using a Cholesky
decomposition. When a signi cant number of holonomic
constraints are imposed on the system, the iterative procedure
in eq 35 is not applied to all constraints S|multaneously but to
each holonomic constraint in succession.*” That is, in each
cycle of the iteration, the momentum and solution vectors are
updated by

= 17)

@7
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Equation 37 is analogous to eq 30 used in the position-
constraining step C,. The process in eq 35 or eq 37 is repeated
until all holonomic constraints have converged to within the
desired accuracy. The RATTLE algorithm (eqs 31 35) is
denoted “C,-p-C;-x-p”, with the operations in a right-to-left
sequence.

It is not di cult to show that the SHAKE and RATTLE
algorithms are closely related. As discussed in ref 51, the
similarity can be seen from eq 34 and eq 35 of the previous time
step that

u t
— +
x(0) 2

t
PO P M7 x(0) ® (38)

Substituting eq 38 into eq 31 and then eq 33, one obtains

1 391 B! x(O) x(O)M%+
(39)

Comparing eq 39 with the relation from eq 26 and eq 28 in

the SHAKE algorithm
1
s
x(0) MT (40)

p% pM x(O)

One nds that the SHAKE algorithm is equivalent to the
RATTLE algorithm at the half step with ¢= s+ g t which
is simply a change of variables for the unknown Lagrange
multipliers. However, RATTLE satis es both position and
velocity constraints while SHAKE only ensures that the posi-
tion constraints are satis ed.

2.3. Molecular Dynamics for the NVTEnsemble with
Holonomic Constraints. 2.3.1. Schemes for Conventional
Algorithms. In the uni ed thermostat framework,**** many
conventional algorithms®>>® for the NVT ensemble with
holonomic constraints can be included in the velocity Verlet
version of the “side” scheme (eq 11) by applying the RATTLE
algorithm (eqgs 31 35). Such a RATTLE version of the “side”
scheme reads

thermostat for half a time step 7t (in which p(0)

is updated) (41)
t U t
P % i PO - 02 @
x( 1) x(O)+MlpM£it

olve : H‘t)JerW iZO

1515399383 9038 g)

Ci: £ x(t) x(t)+M 1@
3 p% p% t x(0) (43)
PCD p% x( 0 2 (44)

thermostat for half a time step 7t (inwhich p( t)

is updated) (45)
T
. 1 —
. olve MHLM ;ElMt)+ ) i—O
p( t) p( )+ XD
(46)

In the uni ed framework, we can also include other conven-
tional algorithms®>* in the leapfrog version of the “side” scheme
(eq 12) by implementing the SHAKE algorithm (eqs 26 28).
Such a SHAKE version of the “side” scheme reads

t U t
P(©) pM? x(0) 2 47)

thermostat for a full time step t (in which p(0)
is updated) (48)

p%i p(0) %% (49)

x( 1) x(0)+M 1pM£it

olve : |5\§|~(t)+M1W {:0

(1) x(tH)+M1——

(50)

x(0)

P ﬁl i+ it x(0) (51)

We denote the RATTLE version of the “side” scheme
(egs 41 46) “C,-T-p-Cy-x-p-T” and the SHAKE version of the
“side” scheme (eqs 47 51) “Cy-x-p-T-p”, with the operations in
a right-to-left sequence. Similarly, the constraint algorithm in
ref 52 would be denoted “T-C,-p-C;-x-p-T” in the “side” scheme.

2.3.2. Holonomic Constraints in the “Middle” Scheme.
Replacing eq 32 by

xm;i x(O)+M1pM;i7t )

thermostat for a full time step  t Mwhich p %ﬁ 1

O

is updated i
(53)

in eqs 31 35 leads to the counterpart (of RATTLE) in the
“middle” scheme for the NVT ensemble. We denote it “C,-p-
C,-x-T-x-p”, with the operations in a right-to-left sequence.
Similarly, one can replace eq 27 by eqs 52 54 in the SHAKE
algorithm (eqs 26 28) to obtain its counterpart in the “middle”
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Table 1. Tested Algorithms for the “Middle” Schemes for Liquid Water with Constraints

no. VV-Middle
1 Co-p-Ci-x-T-x-p
2 Cyp-Cy-Ci-X-T-x-p
3 C,-p-Ci-x-Co-T-x-p
4 C,p-Cp-Cy-x-Co-T-x-p
5 Cy-p-Ci-X-T-Cy-x-p
6 C,-p-Cy-Ci-x-T-Cyx-p
7 C,-p-C1-x-Cy-T-Cyx-p
8 C-p-Cp-Cy-%-Cy-T-Corx-p
9 Cy-p-Cy-X-T-%-Cy-p
10 C,-p-Cy-Ci-x-T-x-C,-p
11 C,-p-Ci-x-Cy-T-x-Co-p
12 C,-p-Cp-Cy-x-Cp-T-x-Cy-p
13 Cy-p-Ci-x-T-Cy-x-p
14 Cyp-Cy-Cy-X-T-Cy-%-p
15 C,-p-Ci-x-Co-T-Cy-x-p
16 C-p-Co-Cy-%-Cp-T-Cy-x-p
17 Cy-p-C-x-T-C,-Cy-x-p
18 C,-p-Cy-Cy-X-T-C,-Cy-x-p
19 C,-p-C1-x-C,-T-C,-Cy-x-p
20 C-p-Cp-Cy-%-Cy-T-C,-Cy-x-p
21 Cy-p-Cy-x-T-C1-x-Cop
22 Cy-p-Cy-Cy-X-T-Cy-%-Cy-p
23 C,-p-C1-x-C,-T-C-x-Cp-p
24 C,-p-Co-Cy-%x-Cy-T-Cy-x-Co-p
25 Cy-p-Cy-x-T-C»-Cy1-%x-Cy-p
26 C,-p-Cy-Cy%x-T-C,-Cy-%-Cy-p
27 C,-p-C1-x-C,-T-C,-Cy-%-Cy-p
28 Cyp-Cy-Cy-x-C,-T-C,-Cy-x-Cy-p

LF-Middle
Cy-Cix-T-x-p
Cy-Ci-x-Cp-T-x-p
C,-Cy-%-T-Cyx-p
C,-Cy-%-Cp-T-Cyx-p
Cy-Ci-x-T-x-Cy-p
C,-Cy-%-Cy-T-x-Cy-p
C,-Cy-%-T-Cy-x-p
C,-Cy-%-Cp-T-Ci-x-p
C,-Cix-T-C-Cy-x-p
C,-Cy-%-Cp-T-Cp-Cy-x-p
C,-Cy-%-T-C1-x-Cy-p
C,-Cy-%-Cy-T-Ci-x-Cyp
Cy-Ci-X-T-Cp-C-x-Cy-p
Cy-Ci-x-Cy-T-Cy-C1-x-Cyp-p

>
S

- e
P O ©Oom~NOoO U ~wWN PP

B e
B w N

scheme for the NVT ensemble, which is denoted “C-x-T-x-p”,
with the operations in a right-to-left sequence.

In addition to this straightforward approach to implementing
the SHAKE or RATTLE algorithms in the “middle” scheme, we
can construct various other versions, in which the position and
momentum satisfy the two equations (eqs 24 and 25) for
holonomic constraints at the end of the propagation through a
time interval t. Apparently, the position-constraining step C;
(eq 28 or eq 33) can be performed after a position-update step
“x". Because the momentum-constraining step C, (eq 35) does
not change the position, it can be implemented after a position-
update step “x”, a momentum-update step “p”, or a thermostat
step “T". All possible versions are listed in Table 1, and their
applications to the TIP3P model for liquid water and to the
Partridge Schwenke model for a gas phase water molecule are
compared in Figures 1 4, as will be discussed in section 3. The
results in Figures 1 4 indicate that “C,-p-C;-x-T-x-C,-p” based
on the velocity Verlet version, or “C,-Cy-x-T-x-C,-p” derived
from the leapfrog version in the “middle” scheme is a
reasonably good choice. This simple version only involves
one position-constraining step and two momentum-constrain-
ing steps in the full propagation for t. Speci cally, the criterion
is that step C, (eq 28 or eq 33) is added after “x-T-x" while step
C, (eq 35) is added after each momentum-update step “p” and
at the end of the full integrator for a time interval t.

We note that the geodesic BAOAB (g-BAOAB) algorithm
proposed in refs 25 and 26 is exactly the same as no. 28 (“C,-p-
C,-C1-x-C,-T-C,-C;-x-C,-p”) of the algorithms built upon
VV-Middle in the rst column of Table 1 when “global”
Langevin dynamics is used as the thermostat. That is, the
g-BAOARB algorithm®“° is a special case of and can be included
in no. 28 (“C,-p-C,-C;-x-C,-T-C,-C;-x-C,-p”) of VV-Middle.

6061

Here, an important point about the “middle” scheme with
holonomic constraints should be made. Even when no
holonomic constraints are applied, for the “VV-Middle”
scheme, although its marginal distribution of positions is
more accurate, that of momenta is less precise than what the
“VV-Side” scheme®* or “VV-End” scheme’® leads to. Note
that in the “VV-Side” or “VV-End” scheme, the thermostat (T)
can be applied at the end of the step after the RATTLE (C,)
step. Thermostat operators, such as that for Nose Hoover
chains, simply scale the momenta, which does not a ect the
RATTLE step, since this step is linear in the momenta.
Therefore, the scaled momenta emerging from the “T” step will
satisfy the same constraint condition as they did before,
provided that all of the momenta involved in the constraint are
coupled to the same thermostat. In the “middle” scheme, the
momenta are shifted in the “p” step after they are scaled in the
“T” step. Finally, they are adjusted by C, to satisfy the time-
derivative of the constraint. These adjustments are likely to
perturb the momentum uctuations driven by the thermostat
and, hence, the Maxwell distribution of momenta generated by
the thermostat. In order to solve this problem, the scaling
factors from the thermostat that would be applied to the
momenta after the “p” and “C,” steps would need to be known.
However, these cannot be known until the result of the “p” and
“C,” steps on the momenta is known. In principle, this would
require a self-consistent iteration “T”, “p”, and “C," steps if one
wishes to have consistent satisfaction of the constraints and the
scaling of the “T” operator at the end of the whole integration
step. This problem may cause di culty when the constraint
force is applied in the rst momentum-update step. However, as
explicitly discussed in section S1 of the Supporting Information,
applying the constraint force in the rst momentum-update
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Figure 1. Results with di erent constraint algorithms of the VV-Middle scheme for liquid water with bond length constraints at 298.15 K. (Blue
squares are results obtained with  t =7 fs.) All units are kelvin. (a) averaged potential energy per atom U(X) /(NaomKs); (b) enlarged version of

panel a; (¢) uctuation of the potential energy per atom y/ U(x)? U) 2 /(Nyomkg); (d) enlarged version of panel c; (e) averaged kinetic
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step in the “VV-Middle” scheme is not the only choice. Choices
that are more reasonable are introduced in section S1 of the
Supporting Information and used in the paper. On the other
hand, if the temperature (estimated from the kinetic energy) is
reported immediately after the “T” operator is applied, then the
iteration can be avoided at the expense of a small inconsistency
between “T” and “C,” at the end of the step. Another reason-
able choice is to use “LF-Middle” rather than “VV-Middle”,
if the marginal distribution of momenta is concerned. When no
holonomic constraints are applied, both “LF-Middle” and “VV-
Middle” schemes yield the same (accurate) marginal distribu-
tion of positions, but the “LF-Middle” scheme leads to more
accurate marginal distribution of momenta than the “VV-Middle”
scheme produces.™ It is easy to prove that “LF-Middle” yields the
same marginal distribution of momenta as “PV-End” (position-
Verlet end) of ref 34, which has comparable accuracy to that of
the conventional “VV-Side” or “VV-End” scheme. (See Figure 2
of ref 34.) Figures 1 and 2 of ref 11 also imply that the accuracy
of the marginal distribution of momenta produced by “LF-
Middle” is comparable to that yielded by the conventional
“side” scheme. For the “LF-Middle” scheme with holonomic
constraints, the marginal distribution of momenta in the
unconstrained subspace is very close to that of the Maxwell
Boltzmann distribution at the end of the whole integration step,
with some possible perturbation due to the last update step for
the positions. In some cases (e.g., all momenta are resampled
from the Maxwell distribution in each thermostat step “T"), the
conventional “end” or “side” scheme with holonomic con-
straints is probably better for estimating the marginal distribu-
tion of momenta than the “LF-Middle” scheme. Generally,
since only the positions and not the momenta are needed at the
end of the whole step to evaluate equilibrium properties, this
technical issue is not likely to cause a problem.

2.3.3. Global or Local Thermostats for Holonomic
Constraints. Special care should be taken in the thermostat
step “T” (i.e., eq 41, eq 45, eq 48 or eq 53) for generating the
correct momentum distribution (at the end of the whole
integration step for t) that is consistent with the holonomic
constraint (eq 24) of the system. When a “global” thermostat is
employed, i.e, when the momentum for each particle is
changed by using the same thermostat parameter(s) in each
thermostat step, the numerical integrator for eq 53 for
constrained dynamics is similar to that for dynamics with no
constraints in cases when the iteration alluded to above is not
needed, the only di erence being the application of the con-
straining steps C, and C,. This has already been demonstrated
by Lelievre et al.>® for Langevin dynamics, as well as by
Ryckaert and Ciccotti®® for the Andersen thermostat and by
Kalibaeva et al.” for the Nose Hoover chain thermostat, for
systems with holonomic constraints.

When a “local” thermostat is used for a system with
holonomic constraints, however, the numerical integrator for
the thermostat step “T” should be modi ed in order to generate
the correct canonical distribution of the momenta. A “local”
thermostat implies that the thermostat is applied only to some
(randomly) selected degrees of freedom at each thermostat step
and that di erent thermostat parameters are used for di erent
particles (or di erent degrees of freedom), as in the “massive”
Nose Hoover chain thermostat. One can separate the
components of the momentum vector into two subspaces, the

. T . R
constrained subspace (—X) M “p =0pRand the uncon-
a

strained one. The thermostat process should maintain the
Maxwell distribution of the momentum components projected
in the unconstrained subspace. This is the most important crite-
rion when a “local” thermostat is employed for the system with
holonomic constraints. The simplest way to implement “local”
thermostats is to ensure that all momenta in a common constraint
are coupled to the same thermostat. However, we propose to lift
the restriction and employ the “massive local” thermostat where
each degree of freedom is coupled to a di erent thermostat.
The procedure to be discussed in the next paragraph is
generally applicable for any type of “local” thermostat, including
the “massive” NHC, the resonance-free SIN(R) algorithm, etc.

The constraint for the momentum at position x can be recast as

T u
MiM 1o = iM V2 @\ Y25y = 0
X X (55)

- T, 172 -
One can orthogonalize rows of (—X) M to obtain an

orthonormal basis of the momentum space. The orthogonaliza-
tion procedure can be implemented through a QR decom-

position, i.e., by factorizing the matrix M */>— into a product

M 2 = QR of an orthogonal 3N x 3N matrix Q and a

3N x n. matrix R for which R; = 0 for all i > j. Let P =
Q™™ Y?p, One then obtains

T ¥ 1
RPzM;iM D )

The thermostat process must only be applied to the
unconstrained modes of P (j = n, + I, 3N), leaving the value
of RTP unchanged. Although R™P = 0 is exactly satis ed at the
beginning and end of the full integrator through a time interval

t, it is not required that it holds rigorously [i.e., that the
constraint for the momentum (eq 57) be exactly satis ed]
before the thermostat step “T”. The thermostat step for a given
time interval t reads

)

é QR=M 1/2_X
T ; p QTM 1/2p

e Therm(P, 1), j=n +1,3N

A P M/QP )

where the (conventional) thermostat process Therm(P;, t)
updates the unconstrained modes P; (j = n, + I, 3N) while no
thermostat process is applied to the constrained modes P;
(j=1I'n). The Maxwell momentum distribution in the
unconstrained subspace then remains invariant after the
thermostat process.
3N
expH — p?

J
j=n+1

n
=expf —p'™ 1/2Qa" l?TM 12,
2 N len ) oen o

(58)
The computational cost for the QR decomposition is
O(3Nn2) by using the Householder transformation. An alternative
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